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Outline
• Gradient Descent

• Convex and Lipschitz

• Polyak Step Size 

• Convergence without Optimal Value

• Optimal Time-Varying Step Sizes

• Strongly Convex and Lipschitz
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• GD Template:

Gradient Descent
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GD Convergence
• Lipschitz (non-smooth) optimization
• Convex

• Strongly convex 

• Smooth optimization
• Convex

• Strongly convex 

This lecture will focus on GD analysis for Lipschitz functions, 
and next lecture will discuss smooth functions.
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The First Gradient Descent Lemma

Proof:

(Pythagoras Theorem)

(GD)
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Part 1. Polyak Step Size
• Polyak Step Size

•Convergence

•Convergence Rate
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Polyak Step Size
• GD method satisfies the following inequality:

ηt =
f(xt)− f!

‖∇f(xt)‖2

A natural idea:

minimizing the right-hand side of the inequality
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Polyak Step Size
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Geometric way to “optimize” (consider the 1-dim function)

Geometrically, the best way of iterates

would satisfy that (given known     ) 

Polyak Step Size: A Geometric View

(Unconstrained) GD with Polyak Step Size
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Convergence
• With Polyak step size, we obtain the convergence results.

Note: recall that bounded gradients condition implies Lipschitz continuity.
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Convergence
Proof:

- Case 1: ∇f(xt) = 0. By convexity, f(xt) = f! ⇒ ‖xt+1 − x!‖2 = ‖xt − x!‖2.

- Case 2: ∇f(xt) %= 0. Polyak’s step size ηt =
f(xt)−f!

‖∇f(xt)‖2

(i) is proved.

(the first GD lemma)
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Convergence
Proof:

Infinite summation is bounded by constants → convergent series.
(ii) is proved.
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Convergence Rate
• Theorem 1 proves the convergence, and now we give the rate.

Proof:

best-iterated guarantee
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Optimality
• It can be proved that 𝑂 1/ 𝑇 is minimax optimal for first-order 

methods when optimizing convex and Lipschitz functions.
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Why Polyak Step Size Matters
• Although Polyak step size [Polyak, 1969] looks simple and even

requires knowing 𝑓⋆, it has a profound enlightening value.
• It established the foundation for the study of step-size tuning

and convergence-rate analysis in modern optimization.

• Technically,
• Optimal theoretical convergence with minimal assumptions
• Connect the step size tuning with the gradient norms
• Lays the conceptual ground for future developments: adaptive tuning,

universal optimization, parameter-free optimization, etc.
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Polyak Step Size

Boris T. Polyak
1935-2023

Introduction to optimization

Boris T. Polyak

Optimization Software, Inc., 1987
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Part 2. Convergence without Optimal Value
• The Second Gradient Descent Lemma

•Convergent Step Size

•Convergence without Optimal Value
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Step Size without Optimal Value
• Note that Polyak step size requires the optimal value
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The Second Gradient Descent Lemma
• A second version of gradient descent lemma.

Proof: The statement can be derived directly from the gradient descent lemma:
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Convergence Result
• GD lemma implies the following convergence result.
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Convergence Result
Proof:

Combining the above inequality with Lemma 2 (as restated below),

we have completed the proof of the desired result:
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Convergence Result
Proof:

(Jensen’s inequality)

(distribution)

Thus, we achieve the desired result:
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Convergent Step Size

From the second gradient descent lemma, we know thatProof:
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Convergent Step Size

Example:
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Convergence without Optimal Value



Lecture 3. Gradient Descent MethodAdvanced Optimization (Fall 2025) 26

Convergence without Optimal Value

Proof:

(Lemma 3)

(‖∇f(·)‖ ≤ G)
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Part 3. Optimal Rates
•

•
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Towards Optimal Resolutions

Now, we will improve this to
optimality with an additional
bounded domain assumption.
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Proof:
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The last characteristics could be undesirable in practice.
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Theorem 6. Under the same assumptions with Theorem 1, assume the feasible domain
X is bounded and convex with a diameter D > 0, that is, ‖x−y‖2 ≤ D holds for any
x,y ∈ X . Let {xt}Tt=1 be the sequence generated by GD with step size

ηt =
D

G
√
t
.

Then

f(x̄T )− f! ≤
DG√
T

= O
(

1√
T

)

,

where x̄T ! argmin{xt}T
t=!T/2"

f(xt) or x̄T !
∑T

t=!T/2"
ηtxt∑T

t=!T/2" ηt
.

“anytime” algorithm
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Proof:
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“Parameter-Free” Extension
• Previous discussions focus on the bounded domain.
• Step size tuning in unbounded domain is always nontrivial.

Ivgi, Maor, Oliver Hinder, and Yair Carmon. DoG is SGD‘s Best Friend: A Parameter-Free Dynamic Step Size Schedule. ICML 2023.

https://scholar.google.com/citations?view_op=view_citation&hl=en&user=4oNPSCMAAAAJ&citation_for_view=4oNPSCMAAAAJ:zYLM7Y9cAGgC
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“Parameter-Free” Extension
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Results so far
• For convex and 𝐺-Lipschitz functions, 

GD with different settings (step size, output sequence) achieve
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Revisit the Value of Polyak Step Size
For unconstrained optimization, Polyak step size is very simple and enjoys many 
good properties (e.g., “universality”); though estimating 𝑓⋆ is a problem to explore.

F. Orabona, R. D'Orazio. New Perspectives on the Polyak Stepsize: Surrogate Functions and Negative Results. NeurIPS 2025. 

https://arxiv.org/abs/2505.20219
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Part 4. Strongly Convex and Lipschitz
• Strong Convexity

•Convergence Result
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Strongly Convex and Lipschitz
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Strongly Convex and Lipschitz
Proof: we start by extending the first GD lemma to strongly convex case.

Strongly convex case:

(rearranging)
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Strongly Convex and Lipschitz

telescope now
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Strongly Convex and Lipschitz

Case 1:

Case 2:

(distribution)

(Jensen’s inequality)
(i) is proved.
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Strongly Convex and Lipschitz
Proof:  (ii) can be derived directly from (i) and strong convexity.

(strong convexity) (i)

(ii) is proved.
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Summary
Table 1: A summary of convergence rates of GD method.

Function Family Step Size Output Sequence Convergence Rate Remark

convex and G-Lipschitz

ηt =
f(xt)−f!

‖∇f(xt)‖2 x̄T ! argmin{xt}T
t=1

f(xt) O(1/
√
T )

optimal
Polyak’s step size

require f!, T

ηt =
1

‖∇f(xt)‖
√
t

x̄T ! argmin{xt}T
t=1

f(xt)

x̄T !
∑T

t=1
ηtxt∑T
t=1

ηt

O(log T/
√
T ) suboptimal

ηt =
D

G
√
T

x̄T ! argmin{xt}T
t=1

f(xt)

x̄T !
∑T

t=1
ηtxt∑T
t=1

ηt

O(1/
√
T )

bounded domain
require T

ηt =
D

G
√
t

x̄T ! argmin{xt}T
t=!T/2"

f(xt)

x̄T !
∑T

t=%T/2&
ηtxt∑T

t=!T/2" ηt

O(1/
√
T ) bounded domain

σ-strongly convex and G-Lipschitz ηt =
2

σ(t+1)

x̄T ! argmin{xt}T
t=1

f(xt)

x̄T !
∑T

t=1
ηtxt∑T
t=1

ηt

O(1/T ) ‖x̄T − x
!‖ is bounded
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Summary

Q & A
Thanks!




