
Lecture 6. Online Optimization II

Peng Zhao
zhaop@lamda.nju.edu.cn

Nanjing University

Advanced Optimization (Fall 2025)



Lecture 6. Online Optimization IIAdvanced Optimization (Fall 2025) 2

Outline
• Online Exp-concave Optimization

• Prediction with Expert Advice
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Part 1. Online Exp-concave Optimization
• Exp-concave functions

• Online Newton Step

• Regret Analysis
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Strongly Convex

Comparison of (Strongly) Convex Problems

Convex

OGD: 

Property: Property:

OGD: 
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Exponentially-concave Functions

But actually we can get a tighter bound!
exp-concave convexstrongly

convex
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An Example for Exp-concave Learning
• Universal Portfolio Selection
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An Example for Exp-concave Learning
• Universal Portfolio Selection

online function is exp-concave
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Exponential-concave Function

(concavity)

Proof.
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Exponential-concave Function

Proof.
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Exponential-concave Function

Algorithmic intuition:

• For convex loss, we use 2-norm to encode the structure of the space.
• Can we exploit local structures of exp-concave loss to improve the regret?
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A Comparison of Different Curvatures
• Convex

• Strongly Convex

• Exponentially Concave
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Intuition
• Convex

• Strongly convex

• Exp-concave

We may still GD update, but the step size should be “data-dependent”.



Lecture 6. Online Optimization IIAdvanced Optimization (Fall 2025) 13

Online Newton Step
Online Newton Step
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ONS: In a View of Proximal Gradient

Convex Problem
Property:

Proximal type update:

OGD: 

Exp-concave Problem
Property:

Proximal type update:

ONS: 
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ONS: In a View of Proximal Gradient

Proof.

(constant)

Exp-concave Problem
Property:

Proximal type update:

ONS: 
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ONS for Exp-concave Function
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Proof
Extending the first GD lemma to exp-concave case:

(Pythagoras theorem)

Proof.
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Proof
Extending the first GD lemma to exp-concave case:
Proof.
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Proof

(rearranging)

cancellation

Proof.
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Proof
Proof.
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Proof

Proof.

Proof.
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Proof

Proof.

Proof.
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Proof

Proof.

(by Lemma 3)

Proof.
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Proof

Proof.

Proof.
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Proof

Therefore, by Lemma 2, we have

Proof.
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Proof
To conclude,

(elliptical potential lemma)(bounded domain)

Proof.
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Comparison

Algorithm Upper Bound Lower Bound

Convex OGD

OGD

ONS

Ordentlich and Cover. The Cost of Achieving the Best Portfolio 
in Hindsight. Operation Research,1998

https://isl.stanford.edu/%7Ecover/papers/hindsight2.pdf
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Back to Exp-concave Learning
• Universal Portfolio Selection

[COLT’20 Open Problem]
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Part 2. Prediction with Expert Advice
• Problem Setup

• Algorithms

• Regret Analysis
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Motivation
• Consider that we are making predictions based on external experts.

A Chinese Odyssey Part Two -
Cinderella

Titanic

9.2/10 87% 7.8/10 9.5/10 88% 7.9/1093%8.8/10 8.5/10

Oppenheimer
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Prediction with Expert Advice
• Another Example: Universal Portfolio Selection

1

2

3

?
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PEA Problem Setup
Question 1 Question 2 Question 3

Advice1 1 Advice1 2 Advice1 3

Advice2 1 Advice2 2 Advice2 3

Advice3 1 Advice3 2 Advice3 3

Advice4 1 Advice4 2 Advice4 3

Experts

Learner Answer 1 Answer 2 Answer 3
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PEA: Formulization
• The online learner (player) aims to make the prediction based 

by combining N experts’ advice.
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PEA: Formulization
• The online learner (player) aims to make the prediction based 

by combining N experts’ advice.

• The goal is to minimize the regret with respect to the best expert:
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A Natural Solution
• Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

FTL achieves linear regret
in the worst case!
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A Natural Solution
• Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

Pitfall: online decision is made blindly based on the historical performance!

Replacing the “max” operation in FTL by “softmax”.



Lecture 6. Online Optimization IIAdvanced Optimization (Fall 2025) 37

Hedge: Algorithm
• Hedge: replacing the “max” operation in FTL by “softmax”.

FTL update Hedge update
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Lazy and Greedy Updates
• Hedge algorithm 

• Another equivalent update (when the learning rate    is fixed)

lazy update

greedy update

But the two updates can be significantly different when learning rate is changing.
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Hedge: Regret Bound
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Proof of Hedge Regret Bound
Proof.
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Proof of Hedge Regret Bound
Proof.



Lecture 6. Online Optimization IIAdvanced Optimization (Fall 2025) 42

Proof of Hedge Regret Bound
Proof.
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Lower bound of PEA
• As above, we have proved the regret bound for Hedge:

• A natural question: can we further improve the bound?

Hedge achieves minimax optimal regret (up to a constant of 𝟐𝟐 𝟐𝟐) for PEA.
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Lower bound of PEA

(conditional expectation decomposition)
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Lower bound of PEA
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Lower bound of PEA

Using the result from probability theory (Prediction, Learning, and Games, Chapter 3.7)
of Rademacher variables,



Lecture 6. Online Optimization IIAdvanced Optimization (Fall 2025) 47

Upper Bound and Lower Bound
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Prediction with Expert Advice: history bits

Volodimir G. Vovk. “Aggregating Strategies."
COLT 1990: 371-383.

Nick Littlestone and Manfred K. Warmuth. 
"The Weighted Majority Algorithm." FOCS 1989: 256-261.

Volodimir G. Vovk
Royal Holloway, 

University of London

Manfred Warmuth

UC Santa Cruz
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Prediction with Expert Advice: history bits

Reference: Y. Freund and R. Schapire. A Decision-Theoretic Generalization of On-Line Learning and an Application to Boosting. JCSS 1997.

Robert SchapireYoav Freund 

Goldel Prize 2003

This paper introduced AdaBoost, an
adaptive algorithm to improve the
accuracy of hypotheses in machine
learning. The algorithm demonstrated
novel possibilities in analyzing data and
is a permanent contribution to science
even beyond computer science.
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Prediction with Expert Advice: history bits

Robert SchapireYoav Freund 

Goldel Prize 2003

This paper introduced AdaBoost, an
adaptive algorithm to improve the
accuracy of hypotheses in machine
learning. The algorithm demonstrated
novel possibilities in analyzing data and
is a permanent contribution to science
even beyond computer science.

Photo@ICML’24（维也纳，July 22, 2024）
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Why is PEA useful?

• Prediction with Expert Advice is essentially a meta-algorithm for 
combining different experts, and the “expert” can be interpreted as 
any learning model with a particular kind of expertise.

• It is used in a variety of algorithmic design, e.g.,
• Online Ensemble: A Theoretical Framework for Non-stationary Online 

Learning @ 2025.05.31

• Gradient-Variation Online Learning: Theory and Applications @ 2024.06.07.

https://www.pengzhao-ml.com/talk/OnlineEnsemble_Guilin20250531.pdf
https://www.pengzhao-ml.com/talk/GradientVariation_202406.pdf
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The multiplicative weights update method: a meta-algorithm 
and applications. S Arora, E Hazan, S Kale. 

Theory of Computing, 2012
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More Results on PEA

Prediction, Learning and Games.
Nicolò Cesa-Bianchi and Gabor Lugosi.

Cambridge University Press, 2006. Nicolò Cesa-Bianchi Gabor Lugosi
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Summary

Q & A
Thanks!
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