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Outline

* GD for Smooth Optimization
 Smooth and Convex Functions

* Smooth and Strongly Convex Functions

e Momentum and Acceleration

* Polyak’s Momentum

e Nesterov’s Accelerated GD

* Extension to Composite Optimization

 Proximal Gradient and Accelerated One
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Part 1. GD for Smooth Optimization

* Smooth and Convex
* Smooth and Strongly Convex

* Extension to Constrained Case
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Overview

Table 1: A summary of convergence rates of GD for different function families,
where we use k £ L /o to denote the condition number.

Function Family Step Size Output Sequence  Convergence Rate
D > 1 T
convex = — = =D . O(1/VT
G-Lipschitz ! G\f o ;Zt_; Tt (/VT) last lecture
o-strongly convex n: = 5y X7 =D X O(1/T)
1 —
convex N =+ XT = XT O(l/T)
L-smooth s B . this lecture
o-strongly convex 1= —— X7 = X7 O (exp (—21))

For simplicity, we mostly focus on unconstrained domain, i.e., X¥ = R,

The smoothness is defined to be with respect to /5-norm.
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Gradient Descent

* GD Template:

Xey1 = Ly [x¢ — 0V f(x4)]

- X3 can be an arbitrary point inside the domain.
- ¢ > 01is the potentially time-varying step size (or called learning rate).

- Projection Il x[y| = arg min, . » ||x — y|| ensures the feasibility.
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Convex and Smooth

Theorem 1. Suppose the function f : R? — R is convex and differentiable, and also
L-smooth. GD updates by x;11 = x¢ —n:V f(x¢) with step size n, = %, and then GD
enjoys the following convergence guarantee:

o2l -x? (1
for) — fx) < =X o (1),

Note: we are working on unconstrained setting and using a fixed step size tuning.
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The First Gradient Descent Lemma

Lemma 1. Suppose that f is proper, closed and convex; the feasible domain X is
nonempty, closed and convex. Let {x;}]_, be the sequence generated by the gradi-
ent descent method, X* be the optimal set of the optimization problem and f* be the
optimal value. Then for any x* € X* andt > 0,

i1 — X% < e — x*)|° = 2 (f(xe) = %) + 0 IV F (%) |1

Proof: |xii1 — x| = |Mafx, — 0,V f(xs)] — x|

x: — eV f(xe) — x|

;= |7 = 2 (VF(xe), %0 —X%) + 07 [V F(x0)|7
o — |7 = 200 (f(xe) = %) + 07 |V £ (xe)||°

I

N

[]
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Refined Result for Smooth Optimization

Proof: |xi11 — X*HQ = [T [xs — mV f(xt)] — X*HQ
< lxe =V f (i) — x|
=[x —x"[|” = 20V f (x0), X4 = X )0 S f (x0) |
< e =577 = 2 (f(xe) = f7) + 07 |V f ()]
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Refined Result for Smooth Optimization

e Recall the first-order characterization of smooth functions

Smoothness

Theorem 9 (First-order Characterizations of L-smoothness). Let f : X — R be
a convex function, differentiable over X. Then the following claims are equivalent:

(i) f is L-smooth.
(i) fy) < f(x) +(VI(x),y —x) + gllx —y|* forall x,y € X.

iii) f(y) 2 f(x) +(VI(x),y = %) + 5 [IVf(x) = V(YIS forall x,y € X.
(iv) (VI(x) = Vi), x—y) > £IV/(x) = Vi)l forallx,y € X. co-coerciuity

(@) fOx + (1= Ny) > Mx) + (1= Nfy) = FM1 = N]x = || for any
X,y € X and \ € [0, 1]. (essentially zero-th order characterization)

Proofs can be found below Theorem 5.8 of Amir Beck’s book.

Advanced Optimization (Fall 2026) Lecture 2. Convex Problems 40
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Co-coercive Operator

Lemma 2 (co-coercivity). Let f be convex and L-smooth over RY. Then for all
x,y € RY, one has

(VI(x) = Vi) x—y) > TIVFx) - V)P

Definition 1 (co-coercive operator). An operator C is called [$-co-coercive (or
B-inverse-strongly monotone, for 5 > 0, if for any z,y € H,

(Cz — Cy,z —y) > B||Cz — Cy|*.

The co-coercive condition is relatively standard in operator splitting literature and variational inequalities.
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Refined Result for Smooth Optimization

Proof: |xi11 — X*HQ = [T [xs — mV f(xt)] — X*HQ
< lxe =V f (i) — x|
=[x —x"[|” = 20V f (x0), X4 = X )0 S f (x0) |
< e =577 = 2 (f(xe) = f7) + 07 |V f ()]
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Refined Result for Smooth Optimization

Proof: |xip1 —x*[|” =

<

VAN

T [x; — 7:V F(x2)] — x|
x; — iV f(x:) — x*|)
i — |7 = 2V F(x1), %2 — ) 4+ 02 |V F(x2)]?

2
x4 (o = ) 197Gl

* 2 * 2 t 2
= e — x| < e = x17 + (0 = ) [V F(x0)]

2 2
< = x* 17 = 2 VA

<xe—x* P <. < jxp — x*

2
|
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Smooth and Convex

Proof: Now, we consider the function-value level,

f(xiwn) = f(x7) = f(xeq1) = fxe) + f(x0) — f(x7)

f(xe41) — f(xe) one-step improvement

= e~ mVI(x)) — Fx)
< (V) V1) + 5 Vx|

= (=t )19 F )

1
= — o= IVF Gl

Cautious: This derivation even doesn’t require convexity!!

= f(xi) — [x) S =5 ISP+ fx0) — 1)
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Smooth and Convex

Proof: |
= SOxenn) = J) S —5p IVAEIIP + f(xe) = ()

Next step: relating ||V f(x;)|| to function-value gap to form a telescoping structure.

)~ F0) < (V7Gx %) < IV FGellbee — ) = 9SG > =L

% — x|

:> f(Xt—|—1) o f(X*) < - (f(Xt) - f(X*)2)2

+ f(x¢) — f(xX7)

< — (f(Xt) o f(X*)2)2 + f(Xt) o f(X*)
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Smooth and Convex

Proof:  f(xiy1) — f(x7) <

1

~or o p k) — SO ) = F(x7)

Define §, £ f(x;) — f(x*) and § £ 1

2L ||x1 —x*||?"

— i1 < & — 5}

1 1

— << _
= Ot — Ot41 P

T—1
= B -t <

t=1 oy 01~ Or

A . 1 2L ||x; — x*|°

—> or = f(xr) f(X)_ﬁ(T—l) o .

Advanced Optimization (Fall 2026)
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Key Lemma for Smooth GD

* During the proof, we have obtained an important lemma for smooth
optimization, that is, one-step improvement

o) = ) < (—m+ 5 ) IVSGOP =5 flxe) -~ 1x) <0 (7).

last-iterated convergence

» Compare a similar result that holds for convex and Lipschitz functions.

Lemma 2. Under the same assumptions as Theorem 1. Let {x;}!_, be the sequence
generated by GD. Then we have

Zm —HX1 — x|+ 5 Zn IV f (o).

This lemma usually implies convergence like f(X7) — f* < ... withxp 2 33/, % (or other average).

average-iterated convergence
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One-Step Improvement for Smooth GD

Lemma 3 (one-step improvement). Suppose the function f : R — R is convex
and differentiable, and also L-smooth. Consider the unconstrained GD update:

x' =x —nVf(x).
Then,

1) = 1) < (=0 3 ) IV GO

In particular, when choosing n = +, we have

F(x=79I60) = 160 < 57 197Gl
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Smooth and Strongly Convex

* Recall the definition of strongly convex functions ( first-order version).

Definition 5 (Strong Convexity). A function f is o-strongly convex if, for any
x € dom(df),y € dom(f) and g € 9f(x),

F(y) = f(x) + (g.y —x) + = |y — xII”
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Smooth and Strongly Convex

f is o-strongly convex f is L-smooth
F)+(VF().y )+ 2 x =13 % F(y) < o) +(VF(x),y —x) + 5 [x—yl3

h(x) £ f(x0) + (Vf(%0),x — X0) + 5||x — x0||3

s(x) = f(x0) + (Vf(x0),x — o) + §[Ix — %03

(%0, f(x0))
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Smooth and Strongly Convex

Theorem 2. Suppose the function f : R? R is o-strongly-convex and differen-

tiable, and also L-smooth. Then, setting n, = + ——, GD satisfies
L A(T — 1) o T
_ < = _ _ — _
for) = 1) < 5 exp (=20 ) o =P = 0 e (1)),

where k = L /o denotes the condition number of f.

Note: we are working on unconstrained setting and using a fixed step size tuning.
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Smooth and Strongly Convex

Proof: ||x, , —x*|

VAN

sy —x*|| " — 2

e[ — 7eV f ()] — x*|°
% — eV f(xe) = x|

(Vf(x4), x4 — x5)

+ 02 V(x|

ol
o+ L

(Vix) -Vf(y)x—y) >

Lemma 4 (co-coercivity of smooth and strongly convex function). Let f be L-
smooth and o-strongly convex on R%. Then for all x,y € R?, one has

1
Ix — ylI* + o A NGO VIiy)I®
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Coercivity of Smooth and Strongly Convex Function

Lemma 4 (co-coercivity of smooth and strongly convex function). Let f be L-
smooth and o-strongly convex on Re. Then for all x,y € R?, one has

oL 1

(VI() = VL) x=y) = =22 x =y |2+ = [V(x) = V()2

Proof: Define h(x) = f(x) — Z||x/|*. Then, h enjoys the following properties:
- his convex: by o-strong convexity (see previous lecture).

- his (L — o)-smooth. V*h(x) = V?f(x) — ol < (L —o0)I.

1 by co-coercivi
:> <Vh(X) - Vh( ) y> _ (X) B Vh(Y) ||2 ngZtChOZnCd cgv(\j]eixfunctions
Then, rearranging the terms finishes the proof. []
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Smooth and Strongly Convex

Proof |xii1 — x|

VAN

s —x*|| " — 2

2 L 2
> Ixies = x*° < (1= 22 ) b — x|+ (nf -

T [xs — 7V f(x2)] = %7
% = 7V f(xe) = x|

(Vf(x¢), x4 — xF)

210 L 5 5
1 — — x* -~

+ 02 V(x|

21y 2
20 ) 195 )

2 ) |V ()]

serving as the “one-step improvement” in the analysis

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11

23



Smooth and Strongly Convex

Proof: 7 < (1 — %) I — x*|| " + (77? — 5—10) V£l

The step size configuration:

2?7750'[/

(i) first, we need 1 — -

< 1 to ensure the contraction property;

(ii) second, we hope (17 — f—fa) < 0, or it becomes 0 is enough.
2

L+o

—> a feasible (and simple) setting: 17 =7 =

2 5 2 ,
= s = < (1= i) I == (52) =l =

k+1

k—1

k+1

1 — x> < exp (- L5 ) 3y — x|

2
) I — x|
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Smooth and Strongly Convex

2(T—1) _
Proof:  |x, —x*|* < (2—1}) |x; — x*||” < exp (—4(5—“1)) I — x*|”

Next step: relating ||xr — x*||” to f(x7) — f(x*).

L L
Fxe) < F(x7) + (VAT xe = x7) + S flxe — x| = f(x) + 5 llxe — x|

= flxr) - f(x) < 2 exp (—‘“T - ”) xi = x*[? = O (exp (—3)).
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Constrained Optimization

* For unconstrained optimization, the key technical lemma is
1

F(x=79160) = 160 < 57 IV7 GOl

where V f(x) is used to measure the function progress.

* For constrained optimization, a generalized one-step improvement:

Lemma 5. Suppose f is L-smooth. Let x44+1 = lly[x¢ — £V f(x¢)|, and define
9(x) = L(x — x4+1) forany x € X. Then the following holds true for any u € X':

1) — F(m) < (g(x). % — ) — o= lg(x)]”

- g(x¢) is used to qualify the progress; and in the unconstrained case, g(x;) = V f(x¢).

- comparator u is introduced because (projected) GD is not necessary “descent”.
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Constrained Optimization

Same convergence rates as unconstrained case can be obtained in
the constrained setting for smooth convex optimization.

Detailed proofs for the constrained optimization will
not be presented. The proof follows the same vein

yet requires some additional twists, we refer anyone
interested to the following parts in Bubeck’s book:

noew

e o o Uedse

* Constrained + smooth + convex: Section 3.2 o
Convex Optimization:

* Constrained + smooth + strongly convex: Section 3.4.2 Algorithms and Complexity
Sebastien Bubeck
Foundations and Trends in ML, 2015
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Lower Bound

Lower bounds reflect the difficulty of the problem, regardless of algorithms.

notice: this lower bound only holds for first-order methods

Table 1: A summary of convergence rates of GD for different functiof families.

Function Family Convergence Rate | Lower Bound | Optimal?
O /vT Q1 /T
G-Lipschitz COnYEX (1/VT) (/VT)
o-strongly convex O/T) Q(1/T)
convex O(1/T) Q(1/T?)

L-smooth

X %

o-strongly convex O (eXP (_ %) ) ) (eXp (_ %) )

—> GD is suboptimal in smooth convex optimization!
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Lower Bound

First-order Opt oracle. We consider the class of first-order (black-box) proce-

dures satisfying x; = 0, and for any ¢t > 1, x441 € Span(gs,...

,gt), Where

g. = V f(xs) is the gradient (or subgradient) queried from the oracle at x.

Theorem 3.13. Let t < n, L, R > 0. There exists a convex and L-
Lipschitz function f such that for any black-box procedure satisfying
(3.15),

RL
: — 1 > .
g, f@s) = min (@) 2 50

There also exists an a-strongly convex and L-lipschitz function f such
that for any black-box procedure satisfying (3.15),

convex/strongly convex

L? & Lipschitz functions
min f(zs) — min f(x) > —. P
1<s<t z€By (L) Sat
“ Bubeck’s book, Sec 3.5
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Theorem 3.14. Let t < (n —1)/2, > 0. There exists a [S-smooth
convex function f such that for any black-box procedure satisfying

(3-15), convex & smooth

min j(xg) — flx") =2 :
1<s<t flas) = f@7) 2 32 (t+1)2 Bubeck’s book, Sec 3.5

Theorem 3.15. Let x > 1. There exists a S-smooth and a-strongly
convex function f : f5 — R with k = 3/« such that for any ¢ > 1 and
any black-box procedure satisfying (3.15) one has

2(t—1)
* a \/E — 1 * |2
— > — — .
flae) ~ fa") > (ﬁﬂ) a1 — 27
Note that for large values of the condition number x one has
(\/E B 1) 2(t—1) - (_4(1& B 1)) strongly convex & smooth

VE+1 VK Bubeck’s book, Sec 3.5
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Part 2. Momentum and Acceleration

* Polyak’s Momentum
* Nesterov’s Accelerated GD
* Smooth and Convex

* Smooth and Strongly Convex
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Polyak’s Momentum

* GD method (with a fixed step size): x;+1 =x: — 7V f(x¢), e.g., n = %

* The problem: pathological curvature

Considera deploying GD on a quartic function f(z) = z*.

Gradient Descent: x* Gradient Descent: x*

Motivation

| 0.06 — x
Gradient Descent

v" Ensure smaller steps in
regions of high curvature
to dampen oscillations.

Gradient Descent

v" Ensure larger steps and
accelerate in regions of
low curvature.

P 0.00

04 02 Do 02 D4 04 02 Do 02 D4

(a) large step size (b) small step size

Source: https://boostedml.com/2020/07/gradient-descent-and-momentum-the-heavy-ball-method.html|
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Polyak’s Momentum

« GD with momentum:

Xtt1 = Xt — yvf(XtZ+§(Xt — Xt—lz

WV WV
GD momentum

where [ is a hyperparameter (usually 5 € |0, 1] though not limited to it), which
scales down the previous step adaptively.

d If the current gradient step is in the same direction as the previous step (e.g., in
the region of low curvature), then move a little further in that direction;

d If it’s in the opposite direction (e.g., in the region of high curvature), move less far.

* Also known as the “heavy ball method” (think of the physical intuition).
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Polyak’s Momentum: Illustration

* https://distill.pub/2017/momentum/

Starting Point

Optimum
Solution
Step-size a = 0.0023 Momentum B = 0.28 We often think of Momentum as a means of dampening
® ® oscillations and speeding up the iterations, leading to faster

convergence. But it has other interesting behavior. It allows a larger

range of step-sizes to be used, and creates its own oscillations.
What is going on?

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11
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Polyak’s Momentum: Physical Interpretation

* Consider a momentum theorem with damping force,
and the equation of motion at this infinitesimal moment:

p=0:
4 (v) = =0 v = V(nf(x)), %\m nomoZggen
damping force y
dx = vdt.
. . . . . ... 0<p<l:
* Discretizing the equation, we obtain /57 momentum with damping
the Polyak’s Momentum form: = 7
Viy1 = BV — ﬁvf(Xt), (Vt — Xt — Xt—l) ;

no damping

= \ @) >
N \\
'\
{ f
X/ /
) ( = \\\J/

\

https://distill.pub/2017/momentum/

—1

/ )
( J/ 1
/ / 7
L/// &

Xt41 = Xt — yvf(xtl"‘?(xt — Xt—ll

W "
GD momentum

8

Xt+1 = Xg + Viq1. (B €10,1]) %\7
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Polyak’s Momentum

* Provable benetfit: can achieve accelerated rate tor quadratic functions

* Other benefit: help jump out of the local region (can be useful for
non-convex opt)

loss Movement =
Negative of dL/dw + Last Movement

——p Negative of dL / dw

====p Last Movement

=3P Real Movement

Source: Hung-yi Lee ML 2021 Spring course
aL/aw =0 \ Lecture on batch and momentum

» But it fails for more general cases like smooth and convex/strongly
convex functions). Details are omitted [more details].
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Nesterov’s Accelerated GD

* a momentum term is added to
boost the convergence

Example

minimize log Z exp(a x+bj)
i=1

° the descent property iS relaxed e two randomly generated problems with p = 2000, n = 1000
and nOt ensured nOW e same fixed step size used for gradient method and FISTA

e figures show (f(x(K)) — f*)/f*

100 . 100

— GD — GD
10~! — AGD 10-! — AGD

1072 1072

10_3 10—3

104 10-4

1073 1073

-6 L " s L L M J -6 L L L . . |

107, 50 100 150 200 1075 50 100 150 200
k k

Accelarated GD Accelerated proximal gradient methods 7.9

https://www.seas.ucla.edu/~vandenbe/236C/lectures/fgrad.pdf
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Nesterov’s Accelerated GD

Yi+1 _%Vf(yt‘F @
1 Gy
Xt+1 = Yt — va(}’t) ”

/ -
i) @
Vie1 = X1 + Be(Xea1 — X¢) 6 //
/

/

*

- B¢ > 01is a time-varying mixing rate of x; and x;41; 8; = 0 recovers vanilla GD.

- Define x; = y;.

- AGD can be also thought a version of GD with momentum.
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Convergence of Nesterov’s Accelerated GD

Theorem 3. Let f be convex and L-smooth. Nesterov’s accelerated GD is configured
as

1
Xt+1 = Yt — va(Yt), Yi+1 = X¢41 T 5t(Xt+1 — Xt),

144 /14407

. cand B; = A=L. Then, we have

At41

f(xr) — f(x7) < 2L %1 —x*||* _ o (i)

where A\g = 0, \; =

T2 T

It is optimal for first-order methods working on smooth convex optimization.

Note: for simplicity, we are working on the unconstrained setting.
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Nesterov’s AGD: Physical Interpretation

* Consider a momentum theorem with damping force,
and the equation of motion at this infinitesimal moment:

d B ; /’ Starting Point
L(nv) ==c-v = Vnf(x)),
damping force e >
\‘\N’ ................ /'//Sﬁtion
dx = vdt.
* Polyak’s Momentum: * Nesterov’s Accelerated GD:
Vit1l = 5Vt — va(Xt), Vit1l = 5Vt — va(Xt + 5Vt)a
Xi41 = X¢ + Vg1 Xi41 = X¢ + Vg1
Xt+1 = Xt — Z?Vf(XtZ-F?(Xt — Xt—lz Xt+1 = Xt — Z?Vf(Xt + B(Xt — Xt—l)l+?<xt — Xt—lz
EB mom;;tum GD (t;irsted) mom;;tum
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Polyak’s Momentum v.s. Nesterov’s AGD

* Polyak’s Momentum:

Xtt1 = Xt — yvf(XtZ—F?(Xt — Xt—lz

WV WV
GD momentum

e Nesterov’'s AGD: Xir1 = Ye — NV f(yt)
Vit1 = Xer1 + Be(Xep1 — Xt)

Xtr1 = Xt — zlvf(Xt + B(x; — Xt—1)2+?(xt — Xt—lz

TV VO
GD (twisted) momentum

Main difference: separate the gradient calculation state and the momentum state.
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Proot of AGD Convergence

Proof: First, we prove the following generalized one-step improvement lemma.

Lemma 6. Foranyu € X, if x;41 = x¢ — 1V f(xy), then the following holds true:

Floxen) = Flu) < (V5 (xe), %0 — ) — o [V ()|

a comparator variable u is introduced here,

because now AGD is not necessary “descent” due to the momentum

|:> Setting u = x; recovers the one-step improvement used in earlier analysis.

1
f(xer1) — f(xp) < — 57 IV f(x)||> GD for smooth and convex functions
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Generalized One-Step Improvement

Lemma 6. Foranyu € X, if x41 = x4 — 1V f(xy), then the following holds true:

Floxen) = Flu) < (V5 (xe), %0 — ) — o [V ()|

Setting u = x; recovers the one-step improvement used in earlier analysis.
Proof:

f(Xey1) = f(u) = f(xep1) = f(xe) + f(xe) — f(u)

L
< (Vf(xt), Xe41 — X¢) + §th+1 — x¢||? + (V f(x¢), x¢ — u)

= (VF(xe) e —w) — o [V F(x)P
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)

Lemma 6. Foranyu € X, if x' = x — £V f(x), then the following holds true:

F) — fF(w) < (VF().x ) — o [V F(x)

() Plugging in u = x,:
FOxisn) = Fxe) < (VA (ya)ye = x0) — 5= V)1

(i) Plugging in u = x*:
Flxien) = F) < (VF(y). 30— %) — o971
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)
(i) Plugging in u = x;: f(x¢41) = f(x¢) <(VF(ye),ye — %) — 5V (yo) >
(i) Plugging inu = x*: f(xi1) — F(x*) < (V(ye),ye — %) — = |V F(vo)lI%
LHS of (A, — 1)(i) + (ii) equals:
(A = D) (f(xe41) — f(xe)) + f(xeq1) — f(x7)
= A (f(xe1) = f(x7)) = (A = D (f(x) = f(x7))

Define §; = f(x;) — f(x*), then we have

LHS — )\t5t+1 — ()\t — 1)575
Goal: design a telescoping series
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)
(i) Plugging in u = x4 f(x¢11) — f(x¢) <V (ye), ¥t — x¢) — 52 IV (ye) ||
(ii) Plugginginu = x*: f(x¢41) — f(x*) < (Vf(ye),y: —x*) — 5= [V f (y4)]]2.

RHS of (A; — 1)(i) + (ii) equals:
= 1) (915030~ %) = S IVFGOI) + (V1 50.v1 = x°) = 5L 19550l

At
= (VI(ye), Adeye — (A — 1)x¢ —x7) — i”vf(Yt)HQ
That is
MO — (A — 1)0 <AV f(ye), dye — (M — 1)xy — X7) — Q)\_EHVf(Yt)W
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)

Cautious: many terms of interest have already appeared in the following inequality.

MOrp1 — (A —1)0 <AV f(ye), Adeye — (A — D)xyp — X7) — %va(}’t)w

optimality gap linear combination gradient norm
telescoping structure related to momentum
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)

MO — (A — 1)0r <AV f(ye), Mye — (A — 1)xg — X7) — ;_Eva(yt)W

= A= Ae(N — 1) < 21L 2V f(ye), LOvys — (Ae — D)xe — %)) — AV f(yo) 1)
Requirement (1): At(At 1) =
= A=A 6 < ( (A Vf(Yt) LAy — (A — 1)xe = x)) = AV f(y0)[|?)

Denote by a = )\tVf(yt), b =S L()\tyt — ()\t — 1)Xt — X*).

1 1
= MO = A0 < o= (2(a,b) — [la]?) = o= ([1b]° - [[b - al*)
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)
Denote by a = )\tVf(yt), b =S L()\tyt — ()\t — 1)Xt — X*).
X[ Oiy1 — A7 10

1
< o (LAY — (A = D)xe = X% = [ILOye — (A = Dxe — x*) = AV (ye) )

— 2L
., LV ’
)\th — (>\t — 1)Xt — X — N f(Yt) >

L

2 L
L
2

(H)\th — (>\t — 1)Xt — X*H2 — ‘

(Neye — e = Dxe = x*[1* = A1 — (A = D)xe —x*1%)

Goal: design a telescoping series
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)

L

AfOip1 — Af_10; < E(HAth — (M = U)xg = x*|17 = [ uxin — (A — Dxp — x*|)%)

Requirement (2) )\txt—l—l — <>\t — 1>Xt = )\t—|—1y15—|—1 — <>\t—|—1 — 1)Xt_|_1

L * *
>\55t+1—>\?—15t < 5(")\75)’75—()\16—1)3%—3( H2_H)‘t+IYt+1 — (Apr1 — D)xpp1—X HQ)
telescope

Define z; = \;y; — (At — 1)x; — x*, then we have

L
Aibir1 — Aj_10; < E(HZtH2 — ||Ze11]1%)

L
= Ar_10r = Ago1 < S ([zal* = [z ]1”)
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1
PrOOf Of AGD Convergence Xt+1 =Yt — ZVf(Yt)

Vit1 = Xea1 + Be(Xer1 — Xy¢)

Proof: (continued proving Theorem 3)

L
A 107 — A\j01 < 5(\\21“2 — ||z |]?)

Requirement (3): Ao = 0

L L|z1]|* LMy — (A — 1)x; —x*|?
Ap_107 < Z|za])? = or < =
Requirement (4): y1 = x3

L Llz.]]?  L|x; —x*|?
Ap_107 < Z|za])? = or < =
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Theorem 3. Let f be convex and L-smooth. Nesterov’s accelerated GD is configured
as

PrOOf Xi41 = Yt — %Vf(}’t)y Virl = Xeq1 + Be(Xep1 — X¢),

14 /1+4X2_ _
where \g = 0, \y = ————, and f3; = ’/\\tt—Hl Then, we have

|2
flxr) — f(x*) < 2L||X1Tz =1 =0 (%)

Proof: (continued proving Theorem 3)

Requirement (1): \j(N\; — 1) = A2
Ly — 1+ /TH4ANZ_,

2
Requirement (2): \iX¢41 — (A — )Xy = M1 Yer1 — (M1 — 1)Xeq1

Yi+1 = Xe41 T &:11 (Xt41 — X¢) = Pt = i‘é:
Requirement (3): \o =0
Requirement (4): y1 = x1
14 /TH4NT_ t+1 Lljx; —x*||* _ 2L[x; —x*||” 1
— 1o\, > =y < < =0(=) O
At 2 =9 = a2 o T2 T2
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Smooth and Strongly Convex

Theorem 4. Let f be o-strongly convex and L-smooth, then Nesterov’s accelerated
gradient descent:

1 VE—1
— — —v p— —
Xt+1 = Yt T f(Yt)v YVi+t1l = X¢4+1 + \/E T (Xt+1 Xt)

satisfies

R e e e e

where k = L /o denotes the condition number.

core technique: estimate sequence
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Smooth and Strongly Convex

e Proof sketch

Core technique: construct an estimate sequence
o

Dy (x) = f(x1) + ;

Pri1 () £ (1= 0)2(x) + 0 (Fx0) + (VI (3x0),x = x0) + 5 [x = %]

Ix = x1|°

The estimate sequence {®;}/_; is required to satisify some nice properties:
(i) pq(x)— f(x) < (1—=0)"(P(x)— f(x)) = approximate f well.
(ii) f(x;) < min,cpa P;(x) = useful when giving the convergence rate.

It can be proved that the above construction satisfies the two properties.
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Smooth and Strongly Convex

* Proof sketch

Core technique: construct an estimate sequence

D1(x) £ f(x1) + 3 x =

2

Bri () 2 (1= 0),(6) +0 () + (VS (x0)x = 3 + 5 = x|

)

< (o + L) |x* = x| exp(—6t)
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Estimate Sequence

* Admittedly, how to construct estimate sequence is highly tricky

Foundations and Trends® in
Machine Learning

8:3-4

ZhUUChen Lln Estimate sequence methods:
Huan Li
Cong Fang

Accelerated
Optimization

extensions and approximations
Michel Baes®

August 11, 2009

References:

The ¢

for Machine
Learning

First-Order Algorithms

noew & Springer
— R .

Chapter 3.7 Chapter 2.1 M. Baes, Estimate sequence methods:
extensions and approximations.
Technical report, ETH, Ziirich (2009)
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Comparison of Three Algorithms

 Nesterov’s AGD:

Xt+1 — Xt —

nVJf (Xt + Br_1(x¢ — Xt—l))J"‘?t—l(Xt — Xt—lz

can be also written

X4l = Xt +

VO VO
GD Update momentum
as

Bi—1(X¢ —%X¢—1) — va(Xt + Br—1(x¢ — Xt—l))

xt £ x —nVf(x), (gradient step)

d; £ v (%, —X4—1). (momentum term)
[Cauchy, 1847] x;11 = x;, (gradient descent),
[Polyak, 1964] x;41 = x; + dy, (momentum + gradient),
[Nesterov, 1983] x;y1 = (x; +d;)", (momentum + lookahead gradient).

Advanced Optimization (Fall 2026)
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More Explanations for Nesterov’s AGD

* Ordinary Differentiable Equations

* Su, W,, Boyd, S.,, & Candes, E. A differential equation for modeling
Nesterov’s accelerated gradient method: theory and insights. NIPS 2014.

* Variational Analysis/Mirror Prox

* Wibisono, A., Wilson, A. C., & Jordan, M. I. A variational perspective on
accelerated methods in optimization. PNAS 2016, 113(47), E7351-E7358.

* Guanghui Lan. (2020). First-order and Stochastic Optimization Methods for
Machine Learning. Springer. Section 3.3.

* Linear Coupling of GD and MD

* Allen-Zhu, Z., & Orecchia, L. Linear coupling: An ultimate unification of
gradient and mirror descent. [TCS 2017.

* Cutkosky A. Chapter 14 Momentum & Chapter 15 Acceleration. Lecture
Notes for EC525: Optimization for Machine Learning, 2022.
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More Explanations tor Acceleration

* Online Learning/Game with Suitable Optimism

* Wang, Jun-Kun, and Jacob D. Abernethy. Acceleration through optimistic
no-regret dynamics. NeurIPS 2018.

* Ashok Cutkosky. Anytime online-to-batch, optimism and acceleration.
ICML 2019.

« Kavis, A., Levy, K. Y., Bach, F, & Cevher, V. UnixGrad: A universal,
adaptive  algorithm with optimal guarantees for constrained
optimization. NeurIPS 2019.

* Yuheng Zhao, Yu-Hu Yan, Kfir Yehuda Levy, Peng Zhao. Gradient-Variation

Online Adaptivity for Accelerated Optimization with Holder Smoothness.
NeurIPS 2025.

* Yu-Hu Yan, Peng Zhao, and Zhi-Hua Zhou. Optimistic Online-to-Batch
Conversions for Accelerated Convergence and Universality. NeurIPS 2025.
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History Bits

Nesterov’s four ideas (three acceleration methods):

* Y. Nesterov (1983), A method for solving a convex
programming problem with convergence rate O(1/k?)

* Y. Nesterov (1988), On an approach to the construction
of optimal methods of minimization of smooth convex
functions

* Y. Nesterov (2005), Smooth minimization of non-smooth

functions Yurii Nesterov
1956 —
* Y. Nesterov (2007), Gradient methods for minimizing UCLouvain, Belgium

composite objective function
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Nesterov, Y. (1983), A method of solving a convex programming problem with
convergence rate O(1/k?), Soviet Mathematics Doklady 27(2), 372-376.

——

HNoxa, Axax, Hayx CCCP
Tom 269 (1983), N* 3

A METHOD OF SOLVIN
A CONVEX PROGRAMMING P

WITH CONVERGENCE RATE @
unc 51

YU. E. NESTEROV

1. In this note we propose a method of solving a conw
Hilbert space E. Unlike the majority of convex program
this method constructs a minimizing sequence of points i
This property allows us to reduce the amount of computatig
Al the same time, it is possible to obtain an estimate of col
improved for the class of problems under consideration (se

2. Consider first the problem of unconstrained minimizati
We will assume that f(x) belongs to the class C"'(E), i.¢
L > 0such thatforallx, y € E

(1) I17(x) = £l < Lilx =yl
From (1) it follows that for all x, y € E
2 ) < f(x) + (S(x), y— x)+ 050

To solve the problem min( f(x)| x € E} with a nonempty
the following method.

0) Select a point y, € E. Put
(3) k=0, =y o, =|n-z1/
wherk z is an arbitrary point in E, z # y, and f'(z) # f'(y, ).

1) keh iteration. a) Calculate the smallest index / = 0 for

a,=1,

(4) J) = Ay = 2 () 2 27" oy
b) Put
o =2"_1 =n—-af(nl
(5) g =1+ faai +1) /2,
Tag = Xpb by — Do =25

The way in which the one-dimensional search (4) is halted
[2). The difference is only that in (4) the subdivision in the:
with a, _, (and not with 1 as in [2]). In view of this (see the p
sequence {x, }¥ is constructed by method (3)-(5), no more:
sions will be made. The recalculation of the points y; in (5)

1980 Mathematics Subect Classification. Primary 90C25.
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Let us also remark that method (3)-(5) does not guan
the sequences {x, )7 and {y, ).
THEOREM 1. Ler f(x) be a convex function in C
sequence {x,|¥ is constructed by method (3)~(5), then
1) Forany k = 0;

(6) Mx) —f=c/k

where C = 4L||y, — x*| and f* = f(x*), x* € X*.
2) In order to achieve accuracy € with respect to the
a) to compute the gradient of the objective function m
b) to evaluate the objective function no more than N|

Here and in what follows, )(- )[ is the integer part ol
Proor. Let y,(a) = y, — af’( y,). From (2) we obtd

J(¥) = f(y(a)) = 0.5a(2
Consequently, as soon as 2"'a, , becomes less than
and a; will not be further decreased. Thus a;, = 0.5L

Let py = (a; — 1{x;—; — x;). Then p,,; — A
Consequently,

2 .2
= X1 + 2 =lp — xp + x*” + 2(a, §

+2ap 0y 0 (S (De0) 4

Using inequality (4) and the convexity of f(x), we

"M 1

(g T .r')a[(‘*”) -
0.5a [F s I <fOnn) — Axed
u)-(‘-l(.lr"_“i—l

We substitute these two inequalities into the precedin|

Mpier = eer + x*17 = llpy = x, + x*1" < 2(4

2a @ (fxany = %) + (afs, - ad
< 2ay .0 i ( S x4sn) = 1) + 2(ai,;
=2a,4,83(f(x,) — f*) — 20 @}, (£
522*51,(:(}‘('\'4} == zaJ.Al”A"»I'f(-‘L{

Thus
20418344 fx44) - ,P"ZC'A»\“iq(ﬂ-‘A‘l
<2aa,(f(x) = f*) +lpi —
< 2aa3( f(x0) — /*) +lIpo

It remains to observe thata, , , = a, + 0.5 = 1 + 0.5

It follows from the estimate of the convergence ral
method (3)-(5) needs to achieve accuracy & will be
each iteration, one gradient and at least two values of

2
X+ x*

xg + x*I" <y,

373

be calculated. Let us remark, however, that to each addil
function corresponds a halving of a,. Therefore the total
not exceed Jlog,(2La_,)[ + 1. This completes the proof of

If the Lipschitz constant L is known for the gradient ol
can take oy = L' in the method (3)-(5) for any & = 0. 11
to hold, and therefore Theorem 1 remains valid
Wye — x*IlyZL/e[ —°1 and NF = 0.

To conclude this section we will show how one may my
the problem of minimizing a strictly convex function.

Assume that f(x) — f* = 0.5m|lx — x*|* for all x €
constant m is known,

We introduce the following halting rule in the method

¢) We stop when

(7) k> 1..2/(1'"(7“ ) - 2.

Suppose that the halting has occurred in the Nth step

(3)-(5), one has N < |4,/L/m|[ — 1. At the same time,
o

:m%‘”, < 0.25ml|}y, — x*
ay(N +2)°

After the point x, has been obtained, it is necessary:
begin calculating, by the method (3)-(5), (7). from the pol

As a result we obtain that after each l“v’f—/"ll -1i
to the function decreases by a factor of 2. Thus the
cannot be improved (up to a dimensionless constant) amg
class of strictly convex functions in C*'( E) (see [1]).

flxy) = f*<

3. Consider the following extremal problem:

(8) mm{FU(r))'.r&Q}l

where @ is a convex closed set in E, F(u), with u € R™,
positive homogeneous of degree one, and f(x) = (f,(x
continuously differentiable functions on E. The set X
assumed to be nonempty. In addition to this, we will a
functions { F(+), f( +)) has the following property:
(#) If there exists a vector A € 3F(0) such that A*) < 0§
The notation 3F(0) means the subdifferential of the fu
As is well known, the identity F(u) = max{{X, u)|A
tions that are positive homogeneous of degree one. Thet
the convexity of the function £( f(x)) on all of £.
Problem (8) can be written in minimax form:

(9) mm{max[()\,f(.\l)[?«e aF(0)

One can show that the fact that the set X* is nonemj
the existence of a saddle point (A*, x*) for problem (9).
of problem (9) can be written as 2* = A* X X*, where

A* = Argmax{¥(A)| A € 3F(0)}. ¥(A) =

374

The problem
max{¥(A)|A € 3F(0) N dom W
will be called the problem dual to (8).
Suppose the functions filx), k=1,....m, in problem (
with constants L'*} = 0, Let L = (L™, .., L{™).
Consider the function

®(y, A, z) = F(f(r,z)) + 0.54]||
where
Fives) & (N sdiseal ),
"y 2) =) +{/(y)s—y). &
and A is a positive constant. Let
D*(y, A) =min(®(y, 4,2)|z € 0},
Observe that the mapping y — 7(y, @) is a natural generalig
“gradient”™ mapping introduced in [1] in connection with th
minimizing functions of the form max, ., fi(x). For the
as for the “gradient™ mapping of [1]) we have

T(y, A) = a

(10) @*(y, A)+A{y—T(y, 4), x —y)+ 054|y — 1
forallx € Q,y € Eand A = 0,and if A > F(L), then
*(y, A) = F(f(T(v, 4))).

To solve problem (8) we propose the following method.
0) Select a point y, € E. Put

(11) k=0, ap=1, x =y 4,
where Ly = (L{". . L), LG = 100 — KW/
inkE, z # y,.
1) kth iteration. a) Calculate the smallest index i = 0 for
(12) *( 3y, 24,,) = F(F(T( . 24,4
b) Put 4, = 24, _,, x, = T(y,, A,) and
Gy = (14 4ai+1) 12,

(13)

N =X+ (a, = 1Mx, = x,_,),

It is not hard to see that the method (3)—(5) is simply
method (11)-(13) for the unconstrained minimization probler
and Q = E in (8)).

THEOREM 2. If the sequence {x, |5 is constructed by methok
assertions are true:
1) Forany k = 0
F(f(x)) = F(f(x*)) < C/ (k4
where C, = 4F(L)|y, — x*||*, x* € X*.

2) To obtain accuracy & with respect to the functional, one needs
a) to solve an auxiliary problem min{®( y,, A, x)|x € Q) no more than

IYC, /e [ +]max{log,

fimes,
b) to evaluate the collection of gradients fi( y)
€) to evaluate the vector-valued function f{ x)

(F(L)/A,).0)]

..... Sl ¥) no more than |, C, /e[ times, and
ai most

2)yc /e[ + 1max{log,( F(L)/A_,).0}[

fimes.

Theorem 2 is provéd in essentially the same way as Theorem 1. It is only necessary to

use (10) instead of (2), while the analogue of a, f'( ;) will be the vector y,

and the analogue of a, the values of A;'.

Ty A

Just as in the method (3)-(5). in the method (11)-(13) one can take into account
information about the constant F( L) and the parameter of strict convexity of the function

F(f(x))
In conclusion let us mention two importan

m (for this, of course, we must have y;, € Q).

t special cases of problem (8) in which the

auxiliary problem min(®( y,, 4, x)|x € @} turns out 1o be rather simple.
a) Minimization of a smooth function on a simple set. By a simple set we understand a set

for which the projection operator can be written in explicit form. In this case m

F(y) = y in problem (8), and
@*(y, 4)=fly)
in the method (11)-(13), where
T(y. A) = argmin{ |}y

054 + 0547, A)

1 and
v+ AL

Ay —z|lz€0}.

b) Unconstrainted minimization (in problem (8). Q = E). In this case the auxiliary
problem min{®( y. A, x)|x € E} is equivalent to the following dual problem:

12 m

.E,\M
L |

(14) max-l 0.54 '|

[ |

3 NNR(y)
k=1

Here

T(y. A)=y— A"

()| (AN, AP, m™) e af'{o)1

'

3 N f(0).

where the M (y), k= 1,....m
remark that the set 3F(0) is usu|
such cases problem (14) is the st

The author expresses his sincd

Received 19/JULY/82

stimulated his interest in the q

Central Economico-Mathematical Institute
Academy of Sciences of the USSR

TUTICTeT

Received 19/JULY /82

BIBLIOGRAPHY

I A. S. Nemirovskil and D. B. Yudin, Complexity of problems and efficiency of optimization methods, * Nauka”

Moscow, 1979, (Russian)

French transl., “Mir", Moscow, 1977

2. B. N. Pshenichnyi and Yu. M. Danilin, Numerical methods in extremal problems. * Nauka™, Moscow, 1975

ranslated by A, ROSA

Advanced Optimization (Fall 2024)

Lecture 4. Gradient Descent Method 11

61




Nesterov, Y. (1983), A method of solving a convex programming problem with
convergence rate O(1/k?), Soviet Mathematics Doklady 27(2), 372-376.

YIOK 51
10.E. HECTEPOB
METOI PEWEHHA 3AIIAYH BHMYKJIOLO MPOI
CO CKOPOCTBHH CXOOHMOCTH O

(Mped 1B,

1. B cratse npeasaraerci METON PELICHHA 3alavH
panHA B ruasbeproBom npoctpaHcree E. B oruwe o1 Gon
NOro MpOTPAMMHPOBAHHA, NPe/LIaraBIUKXCA paHee, ITOT ME
UIYH0 MOCTeNOBATENBHOCT: TOSEK |Xi} k=g, KOTOpaA He ABN
0COGEHHOCT MO3BONIACT CBECTH K MHHHMYMY BBIYHCITHTEN
umre. B 10 xe BpeMA 1A TAKOTO METOMA YHaeTcA mOMYd
CMATPHBAEMOM KITACCE 34124 OUEHKY CKOPOCTH CXOMIMOCTH (

2. P 3anavy G
f(x). Msr Gynem npemlumrarb gro dyHxumA f(x) npuHal
YTO CyulecTByeT KoHcraura L > 0, mif KOTOpOH NpH BE
HEPABEHCTBO

1) '@ -f'(HI< Lix -yl

W3 Hepapercrpa (1) cnemyer, 4To npH Beex X, y € E
@ FOSIE)+®), y -0+05L1y —xP.

Jina pememma sanam min{f(x)| x € E| ¢ nemycrsi
X' npepnaraerca crefylonmii MeTog,

0) BriGupaem TouKy Yo € E. [lonaraem
(3) k=0, xa4=yo, @q=lye—z0/1f'(ye
e z — moban Touka w3 E, z #y, f'(z) # (Vo)

1) k-g Hrepauns.

2) BuruscnsieM HaHMeHBLUKA HoMmep | 2 0, WSl KOTOpOro
@ ) =fx =2 e SN > 27 a1

6) Tonaraem

o =2 Yoy, xp =y — e (Vi)
() =01+ \/41," 1)2,

Yiar =xp +(@x — 1) (ex — Xk _y)fakey-

Cnocof TpepsiBaHHA ONHOMEPHOTO TNOHCKa (4) am
xeHHOMY B [2]. PasmMua muurs 8 ToM, wro B (4) npoGnere
H3BOIHTCH, HAWHHAR C ax_, (3 He ¢ CIWHHUM, Kak B [2])
TenBCTBO Teopemsl 1) mpu nocrpoeruk meromom (3)—(5) o
Gyzer cnenatio He Gonee O (log, L) Takux apoGnerni. [epecs
BIIAETCA ¢ MOMOLBLI "OBpaXHoro™ wara. OTMeTHM Taixe, 9
NewHBaET MOHOTOHHOe yGbmammwe yHxumH f(x) ®a nocy
17kl k=0

Teopeua 1. flyers evinykaas gynxuus f(x) &
noc Hoers [ Xl k=0 P merodom (3)—(5),

a=1,

1) 0an awbozo k = 0

©6)  fle)—f" < C(k+2),

20e C=4Lly,—x*1?, f*=f(x*), x*€X";
2) 0a% 0OCTUNEHUR TOUHOCTU € NO GYHKYUOHAAY HeO
) 8bIMUCAUTS 2DAOUENT yeaeaoil PyHKyuu Ke Boaee N

6) eblvuCAUTY IHAYeHUe Yeneold PYHKYuU He
+ Jloga(2Lay)[ +1 pas.

3peck v panee | (-) [ — nenas wacrs wcna (-).

HNokasatensctso. Myem yi(a) = yx — af'(
nomysaem f(yx) — f(yx (@) > 05a(2 —oL) If'(yi) I*.
270, cramer memsiue, yem L~!, nepanencteo (4) Bbino:
yMeHblaTsca He GynyT. Taxum obpasom, ay 2 0,5L-! mna s

OGosnawm py = (@ — 1) (X — xx). Torma
+ @y @per S (Vre1). Cnenosatemsio, lpge; — Xpip +
+ 2@ke1 = Dogar (' Vkar), PR+ 28k41@01 (F (Vi)
XAf ' (yrs)I.

Nons3ysce HepaeHcTBOM (4) ¥ BRITYKNOCTHI0 BYHK

' (Prer) Yesr = X722 flxgag) = f* +0S5ag4, 1

0,504 1/ (Vs 1)1 < f(Wies1) — [(xi1) < fxx) —

"ﬂ;i](f'(yki-l]spk)-

it 3TH [IBa Hef Ba B IIp

Tymee pasel
Ipker — Xpgap +x° 07— Iy —xp +x° 12 < 2(apy, —
285010y (ficar — 1) +(@hyy —xar)ag, 17
< 2041 @iy (F(exar) = %) + 204y —Bxar)ags
- 2ﬂx+|ﬂ:(f(xk) -f7)- 2“;«1“’1”()‘(7‘1;‘-1) -f')
= 20484, (f(Xgsq) —17)-

Taxum 06paIom,

zakﬂa:n(f(lku) -MH< 2¢k+|ﬂ:+|(f(*k+1) -

FUPkay = xpay + 212 < 200, (fx) — 1)+ Upy

< 200a3(f(xe) = f*)+ Ipo—xo+x* 12 < Iy —x*1
OcTanoch 3aMeTHT, O @x4j >a, +0,521+05(k+1).

H3 oneHkH cKOpOCTH cxolmMmocTH (6) cneayer, 4o
moe Merony (3)—(5) WiA DOCTHXKEHHS TOYHOCTH €, He Gy/eT
Tipu 37OM Ha KaKMO# WTepamuu GyNeT BHIMMCIATHCA OJTHH
Ba # pynkm. 3 , 9T

H H QYHKIMH COOTBETCTBYeT
prsoe. Ilostomy ofimee WHCIO TaKHX BBIMMCIIEHHH He TIpeB:

Teopema foKa3aHa.

Ecnmu s rpagmeHTta nenepod GyHKIMH H3BECTHA K
merone (3)—(5) MoxHo monoxute ay = L~ npr mobom
Bencrso (4) Byner 3aBefloMO BLIOJHEHO M [OITOMY YTB
HyTcs BepRbIMA ipH C=2L0yo — x* P NG =1y — x* Iy

544

f@x)—f*>05mlx — x*I?,rne m >0, u nycTs KoHcTaHTa 7

B 3akimiouenMe 3TOTO pa3fena NOKakeM, KaK MOXI
(3)—(5) maap 3afiauH 3aLAH CHITBHO BBIMYK
TIpeanonoxum, uro ana dyHkums f(x) npu Beex x €

Beepem B Metoq (3) —(5) creflyloiee MpaBHiIo Npepsl
n) OcTaHaBTUBAEMCA, ECITH

(7 k= 2\/2[(mnz,‘i -

Iycts mpepsibanne mpouzowuo Ha N-m ware. Tak K|
205L", 10 N< |4v/L/m[ —1. B 10 e Bpemsa

Foeg) < 2yo-x*I2
Xn) — s
v ay(N+2)
Ilocne TOro Kax MONYYeHa TOWKA X, HEOBXOIHMO O
wath cveT MeTonoM (3) —(5), (7) M3 TOUKH X, KAK W3 Haua/lbi
B pesynsrate momyuaem, uro 3a kaxmsie |4+/L/m|
dyHkuun yGpisaer Baeoe. Takum obpazom, meron (3)—(5
eTCA HeylydlaeMmbiM (C TOWHOCTBIO [0 Ge3pasMepHOH KOHC]
BOTO MOPANKA Ha KITACCE CHITBHO BBIMYKNBIX dyHxumit us 'l
3. PaccMOTpHM CIeYI0LIYI0 IKCTPEMATIBHYI0 3a/1avy
8) min|F(f () x€Q1,
e Q — BBIMyK/I0e 3aMKHYTOe MHOXecTBO W3 E, F(u), u€
R™ TENBHO-OHOP CTeneHH byHkumA
.oy fm(¥)) — BexTOp BRIMYKNBIX HenpepbiBko AHddepet
Meuoxecrso X" pemtennit 3ajaw (8) Bcerpa np ae;
MBI Beeraa Oydem mpemdnonarars, Yro cucrema dyHkmmi |
JYIOUIHM CBORCTBOM :
(*) Ecnu cymectsyer sektop A € 0F (0) Takoit, wm
HelHaA QYHKIHA,
Yepes 8F (0) B (*) oBosnauer cybaudieperuman hyH
Kak M3BeCTHO, WA BEIMYKIBIX TOJOXKHTETbHO-O/H
yHkumi cnpaseyiuBo Toxmecrso F () = maxi(A, ull
npenonoxenus (¥) cienyer Beimyknocts Gynkmau F(f(x)
3anavy (8) MOXHO 3amMcaTh B MMHMMAaKCHOH dopme:
(9)  minfmax|{\, f(x)}| AEAF(0)}] x € Q).

MoXHO MOK43aTh, 4TO H3 HEMYCTOTH MHOXecTBa X™ M mpell
wecTaopaHke y 3amam (9) cemrosoi roukn (A5 x*). o
Tovek 3agawn (9) mpencraeumo B Bupe 27 = A° X X', rg
€ aF(0)}, W(A)=min{(\, f(x))| x € Q). 3amauy

max {¥(X\)| A€ 3F(0) N dom ¥ (-)}.

< 025mly,-x"1? < 0,

Ml Byfiem HasbiBaTh 3afavedl, ABofcTBeHHOH K (
Tlycrs B 3anave (8) dynxumn fy (x), k=1,2,.
CYY(E) ¢ xoucTanTamu L %) > 0. Obosnamm L = (L(” [.

Pacemotpum dymicumio (y, 4, 2) = F(f(y, 2)) +
=2 Dy, S ) SR =5l
. M1, A — NONOXHTENbHAA KOHCTaHTa. OG03HAWHM

D (y, A)=min{b(y, 4,2)| z€Q}. T(y, A)=ug

3174

OrmeTuM, -rro oroﬁpaxmme vy = T(y, A) sBasercs ecre¢
3agawm (8) ™ ro” os [l
MeTONIOB m}mmmmu tbymcmm BHMIA mlx fx (x). Ins

(kak u wiA “'rpagmenTtHoTO " oroﬁpaml-nm 3 [l]) TIpH BCE
TIOJTHAETCA HEPaABEHCTBO

(10) ©°(y, A)+A(y —T(y,A),x - p)+0,54ly —T(y, A
npivem ecnu A > F(L), To
*(y, A)2F(f(T(v.4))).

Jins pemenus 3aaw (8) mpeyiaraeTca CACLyIOLMR Ml
0) Boibupaem Touky ¥o€ E. INonaraem

(1) k=0, =1, x,=yo, A,=F(L),
me Lo=(Ly", 57, L§™), 13" = 1filyo) - Fio)l]
Touxa u3 E, z # yg.

1) k-2 Hrepauus.

a) Beramcnsem HammeHbluwi Homep | 2 0, muA K
PaBEHCTBO

(12) O (yx, 2422 1) > F(F(T(3k. 245 1))
6) Monaraem Ay =24, _,, x; = T(yy, Ax),

aysy =(1+ \/4::,’ +1)/2,
Pier =Xk + (@ = D (k= Xk -1 Vags-
Herpymio sameruts, wro merog (3)—(5)
samuen Meroria (11)—(13) ana 3anam GeaycnoBHOH MHHHI
m=1, F(y)=y, Q=E).

Teopema 2. Ecau nocaedogareabrocts 1xxi k=0
(13),r0:

1) dns awbozo k = 0 F(f(x)) — F(f(x*))
=4F(L)ly,-x*I?, x*€X".
2) 0af OOCTUNECHUR TOVHOCTU € NO HYKKYUOHANY Heol
a) pewurs @crnomozateavkylo 3adavy min{®(y.

1VEiTe l"! max {loga (F(L)/A_,), 01 pas,

T HaGop 08
W€, Ie[ pas,

B) @btvucauts aexrop-gynxuyur f(x) ne 6oaee 2]\/_'
0] pas.

Teopema 2 N0Ka3bIBACTCA NMPAKTHYECKH TAK Xe, KaK
TOJIBKO BMECTO HEpaBeHCTBA (2) HCMONMB30BaTh HEPaBEHCTBC
Bextopa axf'(yx) Gymer mextop ¥y — T(Vi Ax), a anal

Touso Tak *e, kak H B merone (3)—(5), B merone

] o te £ (L) unap 'p€ CHITLHOMH BBIMY)
—m (s 310T0, NpaB/a, Heo6X0mIMO, YTo6BI Vo € ).

B 3aKnOuCHHE OTMETHM JjIBA BAXHBIX YaCTHBIX CITyY
BCnoMoratenbHas 3amaya min{®(yg, A, x)| x € Q | oka3sll

a) MuHHMMIAUMA I7a0KOH BBINYKIOH QYHKUMH Ha

MBI TaKoe B0, I
exmposmmu JaTHCHIBAETCA B ABHOM BHJle. B 3TOM ciyuae B

313)

A, f(¥

546

u e merozie (11)—(13)

©'(3,A)=f(¥) 054U (NI +0SAIT(y, A) -y + A7 f' (NP,
rne T(y, A)=argmin fly - A7 f'(») -zl |z €0}

6) BesycnosHas munummsamus (B 3amase (8) Q = E). B arom ciywae Benomo-
ratenbHag 2amaua min{®(y, A, x)| x € F| oKBHBANeHTHa Cleqylowmed IBOHCTBEH-
HO# 3a/1ave:

14) max{ 0,54~

"
Te E ML) 0D, amye
k=1

€ 9O}
m
Tlpu atom T(y, A)=y - A= A £

2K oy p o3 9 m o

wekuA 3amaw (14) npu
OOBIYHO 3aMaeTCA MPOCTHIMH
KMX cnyuasx 3agava (14)

ABTOp MCKpeHHe NpH:
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1. Hemupoacxuii A.C., H0oun J.5. CnoxHocTs 3a0a4 ¥ 3$HeKTHBHOCTL MeTOMOB ONTHMHIA-
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YIK 515.1 MATEMATHKA
E.H. HOYKA
K TEOPHH MEPOMOP®HbLIX KPHBbIX
(IIpedcrasaeno O B.C. B p 18 V 1982)

1. MycTs 3anana MepoMopdHan KpHBas, T.e. MepoMopdHoe oToGpaxenue

foCc- P
M TycTh ronioMopdHoe oToGpakeHHe
frC=C™Y = far fan)s

2TCA PedylLHp p KPHBOH f XapaKkTepHCTHUECKYK  (DYHK-
mito f ompenenum, cnenys A. Kaprany [1]:

- 1 2
Tgn=x I log |f(re™) I*dy — log | f(0)I*.
o
Mycrs 4 — runeproiockocts B CP" W @ — eIHHHYHBI BEKTOP TAaKOH, 4TO paBeH-

ctBo (w, @) =0 (ckobxu 0GO3HAYAKT IPMHTOBO CKAIAPHOE NMPOM3BENCHHE) €CTh YpaB-
HEHHE T )CKOCTH A B P IX KOOpAHHaTax; o6o3nawm [y = (f, a).
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History Bits
* Polyak’s Momentum, credit goes to Polyak, date back to 1960s

B. T. Polyak. Some methods of speeding up the convergence of iteration methods. USSR
Computational Mathematics and Mathematical Physics, 4(5):1-17, 1964.

Math. Program., Ser. B 91: 401-416 (2002)

Digital Object Identifier (DOI) 10.1007/s101070100258

B.T. Polyak

History of mathematical programming in the USSR:
analyzing the phenomenon*

Received: January 29, 2001 / Accepted: May 17, 2001
Published online October 2, 2001 — © Springer-Verlag 2001

Abstract. I am not a historian; these are just reminiscences of a person involved in the development of
optimization theory and methods in the former USSR. I realize that my point of view may be very personal;

B Oris T. Polyak however, I am trying to present as broad and unbiased picture as I can.
1935-2023
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ICM 2026 Gauss Prize
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ICM 2026 Gauss Prize

¢ 2026, SHIK (Carl Friedrich Gauss Prize) 2K
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Yurii Nesterov
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Carl Friedrich Gauss Prize

for Applications of Mathematics
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YURII NESTEROV

is awarded the Gauss Prize 2026 for his groundbreaking work on

mathematical optimization that provided the theoretical foundation and

algorithmic backbone for many numerical and data-driven fields, enabling

practical computations that were previously too time-consuming to be feasible.
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Part 3. Extension to Composite Optimization

* Composite Optimization
* Proximal Gradient Method (PG)
* Accelerated Proximal Gradient Method (APG)

* Application to LASSO
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Composite Optimization
* Problem setup

min F(x) £ f(x) + h(x)

xERd

where f is smooth (namely, gradient Lipschitz) while h is not smooth.

* The composite optimization problem is common in practice.

Example 1. The objective of LASSO: F(w) = 3 |[w'X — sz + A|wll;,
where X = [x1,....X, [,y = [y1,..-,Yn] .

Is it possible to leverage the (partial) smoothness to improve convergence?
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Recall Non-composite Optimization

Recall how we invent GD for unconstrained non-composite optimization.

* Idea: surrogate optimization

We aim to find a sequence of local upper bounds Uy, --- ,Ur, where the
surrogate function U; : RY — R may depend on x; such that

(1) f(x¢) = Us(xs);
(i) f(x) < Uy(x) holds for all x € R¢;

(iii) U:(x) should be simple enough to minimize.

:> Then, our proposed algorithm would be x; 1 = arg min, U;(x)

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11

69




Recall Non-composite Optimization

e Consider miny f(x), and assume f is L-smooth.

L
By smoothness: f(x) < f(x;) + (V [f(x),x — %) + §HX — XtHQ

\ . 7/
V

£ U:(x) surrogate objective

—> to minimize f(x), it suffices to minimize the surrogate sequence {U;(x)};_;.

Claim. GD for smooth functions can be equivalently represented by

. 1
Kt = argimin Uy(x) = Ty [ = £9/(x)|
xceX

where U;(x) = f(x¢) + (Vf(xt),x — X¢) + £[|x — x¢]|? is a quadratic upper bound of f at x;.

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11 70



Recall Non-composite Optimization

Claim. GD for smooth functions can be equivalently represented by

. 1
x+1 = argmin Uy(x) = Ty [Xt : fvf(Xt)]7
xeX

where Ui (x) = f(x:) + (Vf(xt),x — x¢) + 2]|x — x¢||? is a quadratic upper bound of f at x;.

Proof:
X141 = arg min U;(x) = arg min {(Vf(xt),x> + £HXH2 — L(x,xt>}
xeX xeX 2
(L 1 ,
= arirgm {5 (—2<xt — va(xt)’x> + [|x]] )}
L 1 ? 1 1

— argmin — ||x — (Xt— —Vf(xt)) — argmin ||x — (Xt— —Vf(xt)>H =11y [Xt— —Vf(xt)]

xeX 2 L XEX L L

[]
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Composite Optimization
* Problem setup

min F(x) £ f(x) + h(x)

xERd

where f is smooth (namely, gradient Lipschitz) while h is not smooth.

A natural idea for surrogate objective:

Following previous argument (for non-composite optimization), to minimize
F = f + h, it’s natural to optimize surrogate sequence {U;(x)}._; defined as

Up(x) = f(xe) + (Vf(xe),x — %) + gHX — x| + h(x)
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Composite Optimization
L

By smoothness: f(x) < f(x;) + (V [(x),x — %) + §HX — x||?

\ &

S

2 uy (x)

—> to minimize F'(x) = f(x) + h(x), it suffices to minimize

’

—

arg min U;(x) = arg min
X X L

( L
= arg min
X \

<
Pag
%

= arg min

h

surrogate objective

Us(x) = ug(x) + h(x).

L 2
F) + (70 x = x0) + 5 = x4 i)

)x) + 5 Il = L) + hi) |

min{ 2 (=2(xe = T x) 4 [ ) + 1o |
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Composite Optimization

L

By smoothness: f(x) < f(x;) + (V [(x),x — %) + §HX — x||?

\ &

S

—> to minimize F'(x) = f(x) + h(x), it suffices to minimize

(—2<xt—

A

~

ut (X)

Vﬁf{xy+mw>+h&ﬁ

surrogate objective

Us(x) = ug(x) + h(x).

arg min U;(x) = argmin <
X X

= |arg min <
X

(Xt_

V f(x¢)
L

)

+ h(X)}

this will be abstracted as an operator, a subproblem to optimize
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Composite Optimization

* [teratively solve the surrogate optimization problem.

Deploying the following update rule:

x— (Xt _ %Vf(xt)) T h(x)}

. , L
X411 = arg min U;(x) = arg min 2
xR xR

Definition 2 (proximal mapping). Given a function i : R% — R, the proximal
mapping (or called proximal operator) of h over x is the operator given by

1
prox; (x) = arg min {h(u) + — |[u — XHQ} .
ucR4 2
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Proximal Gradient

Definition 2 (proximal mapping). Given a function h : RY — R, the proximal
mapping (or called proximal operator) of h on x is the operator given by

1
prox; (x) £ arg min {h(u) + — ||x — uHQ} .
ucRd 2

Proximal Gradient Method

X411 = arg min {gHX — (Xt — %Vf(xt)> H2 + h(x)} = Prox ., (Xt — %Vf(Xt))

xEeR4

1
An equivalent notation: Xii1 = Pr(x;) 2 Prox.y (Xt - zvf (Xt)) :
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Proximal Gradient

Proximal Gradient Method

1
Xir1 = Pr(xy) 2 proxu, (Xt - va(Xt)>

— arg min {é“x — (Xt — %Vf(xﬂ) H2 + h(X)} .

x R4

- Condition to work: P! (x) should be easy to compute. For example, in
LASSO h(x) = ||x||1, its P} has a closed form solution.

- Algorithmically, PG induces famous algorithms for solving LASSO problem,
which are called ISTA (GD-type) and FISTA (Nesterov’s AGD-type).
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Convergence of Proximal Gradient

Smooth Optimization

lem: mi
problem iy f(x)

assumption: f is L-smooth

Convergence: f(xr)— f(x*) <O <—

1
GD: Xi41 = X¢ — va(xt>

1
T

)

Smooth Composite Optimization

problem: IIGI%RI%Z F(x) £ f(x) + h(x)

assumption: f is L-smooth, h not
1
PG: X471 = proxiy, (Xt — sz(}g))

Convergence: F(xp)— F(x*) <7
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Convergence of Proximal Gradient

Theorem 5. Suppose that f and h are convex and f is L-smooth. Setting the param-
eters properly, Proximal Gradient (PG) enjoys

o Llxo—x*2 _ (1
Flxr) = F(x') < 2000 _o(f)

Proximal gradient can also achieve an O (1/7") convergence rate, which is the
same as the non-composite optimization counterpart.

The result can be further boosted to O (exp(—71'/k)) when the function f is
o-strongly convex (where k = L /o is the condition number).
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Proof of PG Convergence

e Generalized one-step improvement lemma on F = f + h

Lemma 7. Suppose that f and h are convex and f is L-smooth. Let x; 11 = P (x;)
and g(x) = L(x — X¢y1). Then foranyu € X,

Flxi1) — F(u) < {g(x). % — ) — o [lg(x)

Suppose the above lemma holds for a moment, we now prove the O(1/7") con-
vergence rate of PG.
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Proof of PG Convergence

Proof T g 1 oo et o = i
Setting u = x* in Lemma 7: F(x¢41) — F(u) < (g(x¢),x; —u) — %Hg(xt)n%
1
F(xt1) — F(x7) < {g(xt),x¢ —x7) — ng(Xt)HQ
L
> F(x¢41) — F(x*) < L{xt — X1, %Xt — X*) — 5‘ x; — X¢p1])°

(2(xt — Xe41, Xt — XY — ||x¢ — X1 ||?)

= Y Fx) = (T = DF(x*) < lxo — x*||?
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Proof of PG Convergence

Proof:
L||xo—x*||*

T—1 *
—> ﬁ =1 F(xt) — F(x*) < 2(T—1)

which already gives an O(1/T) convergence rate of X = = Zthl Xt

What we want: F(xp) — F(x*)

Next step: analyzing F(xr) — —— tT:_ll F(xy).

A
=Y
Ly
o
A
-

Setting u = x; in Lemma 7: F'(x;41) — F(x;)

—> Zt (x¢41) — F(x¢)) <0
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Proof of PG Convergence

Proof:
What we want: F(xr)—F(x*) = Next step: analyzing F(x7)— ZtT:_ll F(x4).
S HF () — F(xi) = 3 #H(F(xes1) — F(x0) + Flxe) — F(xo)

= 3" (tF(xep1) — (t - 1)F(Xt)> ~ N F(x) = (T = DF(xr) = Y F(x:) <0
What we have:

- F(xp) — 7 S 5 F(x) <0 Tllsen — |2

L 2 ) =R < B
- Y Flxe) - Fxr) < Ml -
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Proof of One-Step Improvement Lemma

Lemma 7. Suppose that f and h are convex and f is L-smooth. Let x; 1 = P} (x;)
and g(x;) = L(x; — X¢11). Then forany u € X,
1

I”

F(xe41) = F(u) < (g9(xe), % —w) — o [lg(xz)

Proof: What we have: F(x) < Uy (x) forany x € X = F(x¢41) — F(u) < Up(x¢41) — F(u)
analyzing this quantity

{Ut Xe1) = ) + (VF(%e), X1 — %) + F1xeq1 — %13 + Tl

F(u) = f(u)+h(u) = ) +(Vf(xe), u—x0) + fzema) + (VA(X41), u—Xp41)

L
D Up(x¢41) — F(u) <(V[f(x)) + Vh(xpi1),Xep1 —u) + §th+1 — x5

\ . J/
V

Next step: relate V f(x;) + Vh(x11) to g(x¢). =57 l1g(xt)|l
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Proof of One-Step Improvement Lemma

Proof:

What we have: F(x) < Uy(x) forany x € X = F(x41) — F(u) < Up(x¢41) — F(u)

analyzing this quantity

—> Ui(x¢41) — F(0) <(V[(x0) + VA(Xp41), Xe41 — 1) + %Hg(xt)HZ

xepr = argmin { () +  [x — (e = £ £6x0) I
2 H(x)

by Fermat’s
optimality condition

Theorem 5 (Fermat’s Optimality Condition). Let f : R? — (—o0, 0] be a
proper convex function. Then

x* € argmin{ f(x) | x € R}

if and only if
0 € Of(x").

0= VH(X¢11) = VA(X¢e11) + L(Xeq1 — X¢) + V(%) from Lecture 2

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11 85




Proof of One-Step Improvement Lemma

Proof:

What we have: F(x) < Uy(x) forany x € X = F(x41) — F(u) < Up(x¢41) — F(u)
analyzing this quantity

{ Up(x¢41) — F(u) <(V[f(x;) + VA(xi01), X1 —u) + %H!ﬂxt)HQ

and the fact that Vf(x;) + Vh(xi11) = —L(xt41 — X¢) = 9(X¢)

> Uilxen) — Flu) < {g(x).x—u) + o)
1 2
= (9(x¢),x; —u) — EHQ(Xt)H -
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One-Step Improvement Lemma

* A fundamental result for GD/AGD of smoothed optimization.

unconstrained, GD f(XH—l) — f(Xt) < —% va(Xt) H2 specialized

unconstrained, AGD f(Xt—|—1) — f(U-) < <Vf(Xt)a Xt — 11> — % va(xt>H2

constrained, GD f(Xt-|-1) — f(u) < <g(Xt),Xt — U—> - %Hg(xt)w

U

1
composite, GD/AGD F(x:101) — F(u) < (g(x¢),x; —u) — 5T Hg(Xt)HQ general

Corollary: the proof of PG can also be used to prove the O(1/7") convergence rate of GD.
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Accelerated Proximal Gradient Method

* Anatural idea: Can we achieve AGD in composite optimization?

> This induces the Accelerated Proximal Gradient (APG) method.

Nesterov’s Accelerated GD

1
Xt+1 = Yt — zvf(Yt)a Yit1 = X¢41 T 5t(Xt+1 — Xt)

Accelerated Proximal Gradient

1
Hgerll = 2D g (Yt — va(}’t)) y Yi+1 = X¢p1 T Bt(XtH — Xt)

The covergence rates can be similarly obtained.
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Accelerated Proximal Gradient Method

Theorem 6. Suppose that f and h are convex and f is L-smooth. Setting the param-
eters properly, APG enjoys

2L

F(XT) _F(X*) < (T—I—l)

*H2°

2HX0 — X

Suppose that h is convex and f is o-strongly convex and L-smooth. Setting the pa-
rameters properly, APG enjoys

Ploxr) = ) < exp (- ) (Fioxo) = Flx) + 5 o = x°7).

where k = L /o denotes the condition number.

The convergence rates can be obtained same as those in non-composite optimization.
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Application to LASS0O

e LASSQ: {i-regularized least squares

commonly encountered in
signal/image processing.

Interdisciplinary Applied Mathematics 40

pplied Probability 143

Statistical Learning

René Vidal
with Sparsity

Trevor Hastie YiMa

Robert Tibshirani S. Shankar Sastry
E::l(:;rilsz‘; 1:;:3:5 Jerome Friedman
Generalized
Principal
Data Mining, Inference, and Prediction CO m p one nt

Analysis -

% ;/“
LY i
s,
Trevor Hastie

bshirani rd

FIGURE 3.11. Estimation picture for the lasso (left) and ridge regression
(right). Shown are contours of the error and constraint functions. The solid blue
areas are the constraint regions |B1] + |B2| < t and 57 + 53 < 2, respectively,
while the red ellipses are the contours of the least squares error function.

@ Springer

Regression shrinkage and selection via the lasso 75928 1996
R Tibshirani

Journal of the Royal Statistical Society. Series B (Methodological), 267-288
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Application to LASS0O

e LASSQ: {i-regularized least squares

Fw)=1|wTX —y|* + Aw|,

commonly encountered in
signal/image processing.

> composite optimization: first part is smooth, the other one is non-smooth

* ISTA (Iterative Shrinkage-Thresholding Algorithm): PG for LASSO

* FISTA (Fast ISTA): APG for LASSO

Closed-form solution:

[PL (W)l = sign ([Wt - %Vf(wt)] Z) (' [Wt - %Vf(wt)]

1

A
L

).
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Closed-form Solution for LASSO

Optimization problem:
2

+Auwr\1},
2

h - {L
Pl (wy) = argmin ¢ — HW — vy
WeRd 2

where v; = w; — %Vf(wt), fort e [T].

The optimization can be performed for each coordinate separately:

Wi — VUt

L
PP (w); = arg min {—‘
w; ER 2

First-order optimality gives 0 € L(w; — v;) + A3|w;|, where

| = {[{jilgrllfwz—) Ao

2

Advanced Optimization (Fall 2026) Lecture 4. Gradient Descent Method 11

92



Closed-form Solution for LASSO

Consider the three cases.

(i) w; > 0. Then 0 = L(w; — v;) + A, 80 w; = vy ; — %, which is feasible iff v; ; > %

(ii) w; < 0. Then 0 = L(w; — ve;) — A, S0 w; = vy, + %, feasible iff v; ; < —%.

(iii) w; = 0. Then 0 € —Lv,; + A[—1,1], i.e., |ve,] < 2.

Combining the three cases yields the closed form solution:

Phwl = sign () (juid = 7 ) i€l

where v, = w; — £V f(wy), for t € [T
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Application to LASSO

* Comparison of ISTA and FISTA

0 50 100 150 200
k

Comparison of ISTA and FISTA.

SIAM 1. IMAGING SCIENCES (© 2009 Society for Industrisl and Applied Mathematics
Vol. 2. No. 1, pp. 183-202

A Fast Iterative Shrinkage-Thresholding Algorithm
for Linear Inverse Problems*

Amir Beck! and Marc Teboulle!

Abstract. We consider the class of iterative shrinkage-thresholding algorithms (ISTA) for solving linear inverse
problems arising in signal /image processing. This class of methods, which can be viewed as an ex-
tension of the classical gradient algorithm, is attractive due to its simplicity and thus is adequate for
solving large-scale problems even with dense matrix data. However, such methods are also known to
converge quite slowly. In this paper we present a new fast iterative shrinkage-thresholding algorithm
(FISTA) which preserves the computational simplicity of ISTA but with a global rate of convergence
which is proven to be significantly better, both theoretically and practically. Initial promising nu-
merical results for let-based image ing demonstrate the ilities of FISTA which is
shown to be faster than ISTA by several orders of magnitude

Key words. iterative shrinkage-th algorithm, ion, linear inverse problem, least squares and
1y regularization problems, optimal gradient method, global rate of convergence, two-step iterative
algorithms, image deblurring

AMS subject classifications. 90C25, 90C06, 65F22

DOI. 10.1137/080716542

1. Introduction. Linear inverse problems arise in a wide range of applications such as
astrophysics, signal and image processing, statistical inference, and optics, to name just a
few. The interdisciplinary nature of inverse problems is evident through a vast literature
which includes a large body of mathematical and algorithmic developments; see, for instance,
the monograph [13] and the references therein.

A basic linear inverse problem leads us to study a discrete linear system of the form

(1) Ax=b+w,

where A € R™*" and b € R™ are known, w is an unknown noise (or perturbation) vector,
and x is the “true” and unknown signal/image to be estimated. In image blurring problems,
for example, b € R™ represents the blurred image, and x € R" is the unknown true image,
whose size is assumed to be the same as that of b (that is, m = n). Both b and x are
formed by stacking the eolumns of their corresponding two-dimensional images. In these
applications, the matrix A describes the blur operator, which in the case of spatially invariant
blurs represents a two-dimensional convolution operator. The problem of estimating x from
the observed blurred and noisy image b is called an image deblurring problem.

*Received by the editors February 25, 2008; accepted for publication (in revised form) October 23, 2008; published
electronically March 4, 2009. This research was partially supported by the Israel Science Foundation, ISF grant 489-
06.
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TDepartment of Industrial Engineering and M. Technion-lsrael Institute of Technol Haifa 32000,
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183

A fast iterative shrinkage-thresholding algorithm for linear inverse 16689 2009

problems
A Beck, M Teboulle
SIAM journal on imaging sciences 2 (1), 183-202

Advanced Optimization (Fall 2026)

Lecture 4. Gradient Descent Method 11

94



Summary

Table 1: A summary of convergence rates of GD method for smooth optimization.

Algorithm Function Family Step Size Output Sequence Convergence Rate = Remark

L-smooth and convex n=+ X7 2 X7 o(1/T1) suboptimal
GD
L-smooth and o-strongly convex n=—r X7 2 X7 O (exp (-1)) suboptimal
L-smooth and convex Xir1 =Ye — V(Y1) Yer1 = Xeg1 + G (X1 — x¢) X7r = X1 O(1/T?) optimal
AGD
L-smooth and o-strongly convex — x411 =yt — + V() ¥it1 = Xe41 + %(le — Xy) Xr 2 xr O (exp (—%)) optimal
PG F(x) 2 f(x) + h(x) X1l = Pﬁ(xt) = ProxXiy (Xt — %Vf(xt)) Xr = Xr O1/T) suboptimal
f and h are convex
f is L-smooth but A is not smooth
APG Xttr1 = ’Pf{(yt), Yit1 = X411 —+ ﬁt(le — Xt) X7 £ XT O(l/Tz) optimal
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Summary

Smooth and Convex

~ [ GD FOR SMOOTH OPTIMIZATION ] Smooth and Strongly Convex

Constrained Optimization

Polyak’'s momentum

< MOMENTUM AND ACCELERATION Nesterov’s Accelerated GD

Smooth and Convex/Strongly Convex Functions

~ Composite Optimization

Proximal Gradient Method (PG)

\_ EXTENSION TO COMPOSITE
OPTIMIZATION Accelerated Proximal Gradient Method (APG)

- Application to LASSO
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