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Online Learning/Optimization
• Online learning: for scenarios where data accumulates continuously

[1989, FOCS]

Formalize online learning

Follow-the-
Regularized Leader

Weighted Majority AdaBoost

Ensemble Learning

[1995, COLT]
Online Gradient 

Descent

Online Convex OPT

[2003, ICML]
Imperfect 

information game

[2007, NeurIPS]

Game theory

[2010, COLT]

Large-scale OPT

[2014, ICLR]
Adam 

Optimizer

Google Ads

Online 
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streaming data
… …

data

online
update

data data

model model ��−1 model ��

• Fundamental role in ML and its connections to many disciplines

online
update

online
update
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Online Learning/Optimization in ML
Best paper award in top ML conferences (like ICML/NeurIPS/COLT)

• Optimal and Adaptive Algorithms for Online Boosting. ICML 2015

• Fast Convergence of Regularized Learning in Games. NIPS 2015

• Multi-scale Exploration of Convex Functions and Bandit Convex Optimization. COLT 2016

• No-Regret Learning Dynamics for Extensive-Form Correlated Equilibrium. NeurIPS 2020

• Bayesian Design Principles for Frequentist Sequential Learning. ICML 2023

• Adapting to Game Trees in Zero-Sum Imperfect Information Games. ICML 2023

• Optimal Mistake Bounds for Transductive Online Learning. NeurIPS 2025 runner up
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Online Learning/Optimization in ML
Test of time award in top ML conferences (like ICML/NeurIPS)

• The Weighted Majority Algorithm. FOCS 1989 [FOCS 2019 30-Years Test of Time]

• Online Convex Programming and Generalized Infinitesimal Gradient Ascent. 
ICML 2003 [ICML 2013 Test of Time]

• Dual Averaging Method for Regularized Stochastic Learning and Online 
Optimization. NIPS 2009 [NeurIPS 2019 Test of Time]

• Gaussian Process Optimization in the Bandit Setting: No Regret and 
Experimental Design. ICML 2010 [ICML 2020 Test of Time]

• Adam: A Method for Stochastic Optimization [ICLR 2025 test of time]
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Online Learning/Optimization in ML
• Optimizers for (Deep) Learning

till 2026.07.13
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This mini-course covers 
• Lecture 1: Online Convex Optimization

Convex optimization basics, Regret minimization, online gradient descent, convex and strongly convex losses, 
online-to-batch conversion, and connections to SGD.

• Lecture 2: Online Mirror Descent
Mirror maps, Bregman divergence, OMD, FTRL, multiplicative weights, and KL/entropy geometry.

• Lecture 3: Stochastic Multi-Armed Bandits
Exploration-exploitation tradeoff, Explore-Then-Commit, UCB, Optimism in the face of uncertainty

• Lecture 4: Linear Bandits and Contextual Bandits
Contextual bandit, linear bandits, LinUCB, confidence ellipsoids, self-normalized concentration, and generalized 
linear/logistic bandits.

• Lecture 5: From Bandits to Reinforcement Learning
Finite-horizon stochastic MDPs, UCB Value Iteration, linear function approximation in MDPs, linear MDP, linear 
mixture MDP, policy optimization, policy gradient.
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Course Website
Course Slides will be uploaded to 
https://www.pengzhao-ml.com/course/OnlineLearning2026Summer

More materials can be found at AOPT courses
• Advanced Optimization (For Graduate Students, 2025 Fall)

• Advanced Optimization (For Graduate Students, 2024 Fall)

• Advanced Optimization (For Undergraduate and Graduate Students, 2023 Fall)

• Advanced Optimization (For Undergraduate and Graduate Students, 2022 Fall)

https://www.pengzhao-ml.com/course/OnlineLearning2026Summer
https://www.pengzhao-ml.com/course/AOpt2025fall/
https://www.pengzhao-ml.com/course/AOpt2024fall/
https://www.pengzhao-ml.com/course/AOpt2023fall/
https://www.pengzhao-ml.com/course/AOpt2022fall/
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Outline
• Optimization Basics

• Online Learning

• Online Convex Optimization

• Online-to-Batch Conversion
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Part 1. Optimization Basics

• Convex Optimization

• Function Properties

• Gradient Descent

• Convergence Rate
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Optimization Problem
• We adopt a minimization language
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Performance Measure
• Iterated Optimization

• Measure
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• In general, there are two performance measures (essentially same).

Performance Measure
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Function Property
• Function mapping

Continuous Optimization Discrete Optimization
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Lipschitz Continuity
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Smoothness

Smoothness is also called gradient Lipschitz in many literature. 
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Smoothness
The next lemma is an equivalent condition of smoothness.

Proof: (calculus)

(Cauchy-Schwarz)

(smoothness)
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Smoothness
The next lemma is an equivalent condition of smoothness.

In Optimization theory: 

smooth  vs nonsmooth 

“平滑” vs “非平滑”
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Strong Convexity

Examples:
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Strong Convexity
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Strongly Convex and Smooth
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• GD Template:

Gradient Descent
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Why Gradient Descent?
• For simplicity, we consider the unconstrained setting.

• A General Idea: Surrogate Optimization
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Why Gradient Descent?
• Following the surrogate optimization principle, let’s invent GD 

for convex and smooth functions.



Lecture 1. Online Convex OptimizationPeng Zhao (Nanjing University) 24

• GD Template:

Gradient Descent
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GD Template
GD template: 

Key requirements: provable guarantees, particularly with 
finite-sample (non-asymptotic) convergence rates

It only forms a general template, and there are still much complexity yet to specify.
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The First Gradient Descent Lemma

Proof:
(Pythagoras Theorem)

(GD)
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Convex Function
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Convex and Smooth Function
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Result Overview

lipschitz

smooth
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GD and AGD
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Part 2. Online Optimization
• Fixed Optimization

• Interactive Optimization

• Online Optimization: Problem and Measure
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Optimization
• A typical optimization problem:

for simplicity, consider last-iterate convergence

Note that the objective function remains fixed throughout the entire 
optimization process as the iterative algorithm progresses.
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Interactive Optimization
• However, in many ML applications, the optimization objective 

does not stay fixed.

Optimization is no longer performed against a single, fixed target; 

instead, it involves interactions between an algorithm and an evolving objective.
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Example 1: Large-Scale ERM
• Consider the model training. Our goal is to minimize ERM

- Big data: facing millions of samples (� is very large).
- Computing full gradient is almost impossible (like due to 

limited memory of GPU facilities).
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Stochastic Optimization as Interaction
 Stochastic optimization using mini-batch (by SGD/Adam or others)

Note that �� is still sampled 
from a fixed distribution 

(over all � samples)
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Example 2: Learning with Data Streams
• In applications, data may arrive in a form of stream, which requires 

the model to make sequential predictions or even decisions.

 
 
 

A loss function
 
 

A classifier

• For example: spam filtering
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Sequential Predictions as Interaction
• We can formulate the sequential prediction problem as follows:

Note that the loss function �� 
is sampled from (unknown) 

distribution  �⋆ or ��
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Online Optimization: distribution-free
• Online optimization: an even general framework without 

distributional assumption.
• The function �� may be arbitrary, or even chosen adversarially.

• The general interactive procedures of online optimization:
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A Game-theoretic Language

• Online (Interactive) optimization as a repeated game between 
- Player: essentially the learner, or you can think as the “learning model”

- Environments: an abstraction of all factors evaluating the model.
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Fixed vs Interactive Optimization
• Fixed Optimization (Closed-world Learning)

• The training data are all available on hand
• The objective is fixed with no changes.

• Online Optimization (Open-ended Learning)
• This may be due to sampling issue, so connected to 

stochastic optimization
• Or since data are in the form of stream, so it is crucial 

for continual learning
• Even more complicated: decision this round may also 

influent the environment, decision-theoretic RL/control
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Performance Measure
• The best in hindsight 

 

Then the best single decision in hindsight would be:

which we obviously could not know in advance.

“If I had known all the outcomes ahead of time, I would have 
chosen differently — and I regret the extra loss I’ve accumulated.”

benchmark performance with the 
offline model (optimal in hindsight)

Regret: 
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Performance Measure
 

benchmark performance with the 
offline model (optimal in hindsight)

ALT’16

Hannan Consistency

We hope the regret be sub-linear dependence with � 

•  

worst-case-dynamic regret

general dynamic regret

suffer from overfitting issue

“online ensemble” framework
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Part 3. Online Convex Optimization
• Online Convex Optimization

• Problem Space

• Online Gradient Descent

• Lower Bound
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Is Online Optimization (provably) solvable?
• In general, the online optimization is too hard to solve.

A Trackable Case: Online Convex Optimization
requiring feasible domain and online functions to be convex
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Online Convex Optimization
• Requirements:

(1) feasible domain is a convex set

(2) online functions are convex
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Online Convex Optimization: Hardness
Clearly, similar to offline opt, curvature information matters:

• Convex vs Strongly convex? 

• Lipschitz vs Smooth?

There are other issues due to the interaction nature:
• Feedback: How much information can the learner access from environments?

• Environments: How powerful is the environment? 

Given that it can choose the loss function!
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Hardness: Different Feedback

on the feedback information:

less information

full information

horse racing

partial information

multi-armed bandits
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Hardness: Different Environments

less restricted 
but harder

oblivious adversary

examination interview

adaptive adversary
on the difficulty of environments:

- stochastic setting

- adversarial setting oblivious

adaptive 
(non-oblivious)
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Online Learning: Problem Space

Yevgeny Seldin. The Space of Online Learning Problems, ECML-PKDD, Porto, Portugal, 2015.

• Full-information setting:
• Online Convex Optimization
• Prediction with Expert Advice
• ...

• Partial-information setting:
• Multi-Armed Bandits
• Linear Bandits
• Parametric Bandits
• Bandit Convex Optimization
• ...
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Online Learning: Problem Space

Yevgeny Seldin. The Space of Online Learning Problems, ECML-PKDD, Porto, Portugal, 2015.

• Full-information setting:
• Online Convex Optimization
• Prediction with Expert Advice
• ...

• Partial-information setting:
• Multi-Armed Bandits
• Linear Bandits
• Parametric Bandits
• Bandit Convex Optimization
• ...

OCO
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OCO: Convex Functions
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Regret Minimization in OCO
• We focus on the G-Lipschitz functions

Essentially working on Lipschitz (online) optimization with a bounded feasible domain.

• The following is domain boundedness
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On the domain boundedness 

Francesco Orabona. A Modern Introduction to Online Learning. 2025 (Version 7) Chapter 5.
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Recall Lipschitz (offline) optimization

Can we extend the GD idea to 
online optimization?
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OCO: OGD Algorithm

Online Gradient Descent (OGD)

Actually, only gradient is required, so it’s also called gradient-feedback OCO model.
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Regret Analysis of OGD
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The First Gradient Descent Lemma

Proof:
(Pythagoras Theorem)

(GD)
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Proof for OGD Regret Bound
Proof: We use the first gradient descent lemma to analyze online gradient descent.
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Proof for OGD Regret Bound
Proof:



Lecture 1. Online Convex OptimizationPeng Zhao (Nanjing University) 60

OCO: Strongly Convex Functions
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Recall Lipschitz (offline) Optimization

Again, we extend it to online optimization.
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OGD for Strongly Convex Functions

Online Gradient Descent (OGD)
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OGD for Strongly Convex Functions
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OGD for Strongly Convex Functions

Proof: we start by extending the first GD lemma to strongly convex case.

Strongly convex case:

(rearranging)



Lecture 1. Online Convex OptimizationPeng Zhao (Nanjing University) 65

OGD for Strongly Convex Functions

Proof:
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Strongly Convex

Comparisons

Convex

OGD: 

Property: Property:

OGD: 
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Lower Bounds
• A natural question: whether previous regret can be improved?
• minimax bound: smallest possible worst-case regret of any algorithm

Proof Sketch.

• Binary classification, loss functions in each iteration are chosen at random

• The hardness comes from the compression of a sequence of �-round random bits 

Construct a hard environment:
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Comparison

Algo. Step 
size

Upper 
Bound

Lower 
Bound

Convex OGD

OGD

Jacob Abernethy, Peter L. Bartlett, Alexander 
Rakhlin, and Ambuj Tewari. Optimal 

strategies and minimax lower bounds for 
online convex games. In COLT, 2008.

Lower bound for strongly convex functions is more non-trivial.
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Part 4. Online-to-Batch Conversion
• Convex Functions

• Strongly Convex Functions
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What and Why?
• Online-to-Batch Conversion: solve offline optimization (namely, 

batch learning) using online optimization/learning technique.

• Why? 
• Offline optimization does not mean a fixed objective! In particular, 

stochastic (offline) optimization actually involves mini-batch sampling, 
which involves interactions and naturally requires online opt.

• While online optimization adds a bit more complexity, it can render certain 
sophisticated tricks ineffective, thereby exposing the essential challenges 
and avoiding reliance on "hacked" solutions.
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Offline Optimization
• Consider offline optimization                with stochastic opt method

full gradient computation requires a pass of all data

stochastic method only uses a mini batch at each round
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Online-to-Batch Conversion
• Reducing offline optimization as an online optimization.

Offline function Online algorithm
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Proof: Using Jensen’s inequality, we have

(Jensen)

(Convexity)

Online-to-Batch Conversion
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Stochastic Optimization
• Optimization Goal
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Understand SGD from Online Learning
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Stochastic Optimization
• Optimization Goal
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Stochastic Optimization as Interaction
• As mentioned, stochastic opt can be deemed as an interaction 

between learning algo with the entire dataset (due to sampling)
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O2B Conversion for Strongly Convex 
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O2B Conversion for Strongly Convex 

retain strong convexity
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Weighted O2B Conversion
• To achieve the optimal rate for strongly convex optimization, 

we introduce the weighted Online-to-Batch Conversion.

Offline function Online algorithm
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Proof:

Weighted O2B Conversion



Lecture 1. Online Convex OptimizationPeng Zhao (Nanjing University) 82

O2B for Strongly Convex Functions 
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Proof:

O2B for Strongly Convex Functions 
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Summary of G-Lipschitz functions

by online-to-batch conversion
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oblivious adversary

examination interview

adaptive adversary

More bits of OGD
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History: SGD
Robbins-Monro Method Kiefer-Wolfowitz Method

A Stochastic Approximation Method.
Herbert Robbins, Sutton Monro 
Ann. Math. Statist. 22(3): 400-407 (September, 1951).

Stochastic Estimation of the Maximum of a Regression Function 
Jack Kiefer, Jacob Wolfowitz 
Ann. Math. Statist. 23(3): 462-466 (September, 1952)

Herbert Ellis Robbins 
(1915 - 2001) Jacob Wolfowitz 

(1910 - 1981)

Jack Kiefer
(1924 - 1981)



Lecture 1. Online Convex OptimizationPeng Zhao (Nanjing University) 87

History: SGD

Herbert Ellis Robbins 
(1915 - 2001)
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History: Two-Player Zero-Sum Games

Nicolo Cesa-Bianchi, Online Learning and Online Convex Optimization. Tutorial at the Simons Institute. 2017.
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History: Prediction with Expert Advice

Volodimir G. Vovk. “Aggregating 
Strategies." COLT 1990: 371-383.

Nick Littlestone and Manfred K. Warmuth. 
"The Weighted Majority Algorithm." FOCS 1989: 256-261.

Volodimir G. Vovk
Royal Holloway, 

University of London

Manfred Warmuth

UC Santa Cruz

FOCS 30-year 
Test of Time Award!
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Summary

Q & A
Thanks!


