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Outline
• Prediction with Expert Advice

• Online Mirror Descent

• Follow-the-Regularized Leader
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Part 1. Prediction with Expert Advice
• Problem Setup

• Algorithms

• Regret Analysis
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Prediction with Expert Advice
• A special online learning setup of independent interest.
• Consider that we are making sequential predictions based on 

external information (experts provided).

1

2

3

?

• Universal Portfolio Selection
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PEA Problem Setup
Question 1 Question 2 Question 3

Advice1 1 Advice1 2 Advice1 3

Advice2 1 Advice2 2 Advice2 3

Advice3 1 Advice3 2 Advice3 3

Advice4 1 Advice4 2 Advice4 3

Experts

Learner Answer 1 Answer 2 Answer 3
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PEA: Formulization
• The online learner (player) aims to make the prediction based 

by combining N experts’ advice.
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PEA: Formulization
• The online learner (player) aims to make the prediction based 

by combining N experts’ advice.

• The goal is to minimize the regret with respect to the best expert:
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A Natural Solution
• Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

FTL achieves linear regret 
in the worst case!
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A Natural Solution
• Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

Pitfall: online decision is made blindly based on the historical performance!

Replacing the “max” operation in FTL by “softmax”.
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Hedge: Algorithm
• Hedge: replacing the “max” operation in FTL by “softmax”.

FTL update Hedge update
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Lazy and Greedy Updates
• Hedge algorithm 

• Another equivalent update (when the learning rate    is fixed)

lazy update

greedy update

But the two updates can be significantly different when learning rate is changing.
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Hedge: Regret Bound
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Proof of Hedge Regret Bound
Proof.
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Proof of Hedge Regret Bound
Proof.
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Proof of Hedge Regret Bound
Proof.
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Lower bound of PEA
• As above, we have proved the regret bound for Hedge:

• A natural question: can we further improve the bound?

Hedge achieves minimax optimal regret (up to a constant of � �) for PEA.
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Lower bound of PEA

(conditional expectation decomposition)
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Lower bound of PEA
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Lower bound of PEA

Using the result from probability theory (Prediction, Learning, and Games, Chapter 3.7)
of Rademacher variables,
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Upper Bound and Lower Bound
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Prediction with Expert Advice: history bits

Volodimir G. Vovk. “Aggregating Strategies." 
COLT 1990: 371-383.

Nick Littlestone and Manfred K. Warmuth. 
"The Weighted Majority Algorithm." FOCS 1989: 256-261.

Volodimir G. Vovk
Royal Holloway, 

University of London

Manfred Warmuth

UC Santa Cruz

FOCS 30-year 
Test of Time Award!
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Prediction with Expert Advice: history bits

Reference: Y. Freund and R. Schapire. A Decision-Theoretic Generalization of On-Line Learning and an Application to Boosting. JCSS 1997.

Robert SchapireYoav Freund 

Goldel Prize 2003

This paper introduced AdaBoost, an 
adaptive algorithm to improve the 
accuracy of hypotheses in machine 
learning. The algorithm demonstrated 
novel possibilities in analyzing data and 
is a permanent contribution to science 
even beyond computer science.


