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* Prediction with Expert Advice

* Online Mirror Descent

* Follow-the-Regularized Leader

Peng Zhao (Nanjing University) Lecture 2. Online Mirror Descent 2



Part 1. Prediction with Expert Advice

* Problem Setup
* Algorithms

* Regret Analysis
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Prediction with Expert Advice

* A special online learning setup of independent interest.

* Consider that we are making sequential predictions based on
external information (experts provided).

* Universal Portfolio Selection gr‘{%:

_________________

e a total of d stocks in the stock market.

e each round, the player chooses stocks by a distribution x; € A4.

e the market returns the price ratio 6, between iter ¢ and ¢ + 1, i - !
. . ! aa ) ! ,
_ price of stock; at time ¢ + 1 i : |:>

0 (i
+(6) price of stock, at time ¢

T
which means that our final wealth W willbe: Wpr = W; - H 9: Xt
t=1

—> Our goal is to maximize our wealth at time 7.

_________________
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PEA: Formulization

* The online learner (player) aims to make the prediction based
by combining N experts” advice.

Ateachroundt=1,2,---
(1) the player first picks a weight p, from a simplex A y;

(2) and simultaneously environments pick a loss vector ¢, € R";

(3) the player suffers loss f;(p,) = (p,,£;), observes £; and updates the model.

The feasible domain is the (N — 1)-dim simplex Ay = {p € RY | p; > 0, Zfil p; =1}.

We typically assume that 0 < ¢, ; < 1 holds forallt € [T] and i € [N].
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PEA: Formulization

* The online learner (player) aims to make the prediction based
by combining N experts” advice.

Ateachroundt=1,2,---
(1) the player first picks a weight p, from a simplex A y;
(2) and simultaneously environments pick a loss vector ¢, € R";

(3) the player suffers loss f;(p,) = (p,,£;), observes £; and updates the model.

* The goal is to minimize the regret with respect to the best expert:
T T T T

REGT 2 Z <pt7£t> — min <p7£t> — <pt7£t> — min th,i

cA E|N
t=1 p Nt:1 t—1 i€[N]
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A Natural Solution

 Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

prL = argmin (p, L;_1) = argmin L, 1 ;

PEAN ZE[N]

where L; 1 € RY is the cumulative loss vector with L; ;; = Z’;;ll s i

T
8 /611—049/ E>]“€_2_1"—_17 :>/ (31 =0 / ...... Regr = ; (P, 4e) —mmzem

:T—gzmﬂ

FTL achieves linear regret
in the worst case!
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A Natural Solution

 Follow the Leader (FTL)

Select the expert that performs best so far, specifically,

prL = argmin (p, L;_1) = argmin L, 1 ;

PEAN ZE[N]

where L; 1 € RY is the cumulative loss vector with Ly 1, £ Z’;;ll Us.i.

> Pitfall: online decision is made blindly based on the historical performance!

> | Replacing the “max” operation in FTL by “softmax”.
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Hedge: Algorithm

* Hedge: replacing the “max” operation in FTL by “softmax”.

Ateachroundt=1,2,---
(1) compute p, € Ay such that p, ; oc exp (—nL;_1 ;) fori € [V]
(2) the player submits p,, suffers loss (p,, £;), and observes loss £; € RY
(3) update L; = L,_; + ¢,

FTL update Hedge update
prL — argmax <p7 _Lt—1> Pt X €XP (—77Lt_1 7;), Vi € [N]
pEAN ) )
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Lazy and Greedy Updates

* Hedge algorithm

" lazy update
pe+1,i < exp (—nLy;), Vi € [N] Ly; = ng,ia Vi € [N]
s=1

* Another equivalent update (when the learning rate 7 is fixed)

. greedy update
Pev1,i X Pri €Xp (=1bei), Vi € [N]

where we set the uniform initialization as py ; = 1/N, Vi € [N].

|:> But the two updates can be significantly different when learning rate is changing.
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Hedge: Regret Bound

Theorem 1. Suppose that ¥Vt € [T and i € [N],0 < £;; <1, then Hedge with
learning rate n guarantees

REGr < thN + 0l = (9(\/TlogN),

where the last equality is by setting n optimally as \/(In N) /T.

Proof. We present a potential-based proot here, where the potential is defined as

N
1
®, = —1In (Z exp (nLt,i)> -

"l 1=1
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Proof of Hedge Regret Bound

N N

. —nLy ;

Proof. D, — P, = 1 In %:1 exp (=1 Lt.i) o, £ lln ( E exp (—nLy ;)
" D iz1 €XP (—nLi—1) '

1 al exp (—nLi—1,i)
— ZIn ( L exp(—n¥; z)>
d (2 S exp (—nLi—1;)
1 N
— —1In (Z Dt,i €XP (—Ugt,z')> (update step of p,)
n =1
1 N
< =In (me- (1 — by, + ?72532-)) (V& > 0,67 <1 —a + 22)
n 1=1 |
1 N
= ln (1 — 1 (py, &) + 1 Zpt,¢€?,¢)>
1=1
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Proof of Hedge Regret Bound

N
PTOOf. (I)t . (I)t—l _ 1 In ( Zi:l exXp (_nLt,z) >

U

N
zz‘:1 exXp (_77Lt—1,z')
< —(pp )+ 1) peils, (In(1+ @) < )
i=1
Summing over ¢, we have
T N
Z Dy, Et < Py — P + T Z Zpt zgfz b, = % In (Zi\;1 eXp (_TILt,z')>
t=1 t=1 1=1
T N
lnN 1
< —— ——In(exp(—nLr))+n Y Y pril,
g " t=1 i=1
T N
In N
< R + Ly +1 Z Zpt,q:@,i
t=1 i=1
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Proof of Hedge Regret Bound

In N LY
(P be) < N + Lra 0 Y prili

1 t=1 =1

Proof.

E

t

Rearranging the term gives

E

T N
lnN
<pt7 £t> LT i < —— Z Zpt,igiz‘

t=1

In N
<n—+nT
Ui

Thus, setting n = /In N/T yields

In N
REGr < —— + 0T = 2V/TIn N.
7
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Lower bound of PEA

* As above, we have proved the regret bound for Hedge:

REGT < 2T In N

* A natural question: can we further improve the bound?

Theorem 2 (Lower Bound of PEA). For any algorithm A, we have that

REGT 1
Sup max > —,

TN,k A/TIn N — /2

Hedge achieves minimax optimal regret (up to a constant of ) for PEA.
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Lower bound of PEA

Theorem 2 (Lower Bound of PEA). For any algorithm A, we have that

REGT 1
SuUp max > —,

TN, AL /TIn N ~— /2

Proof. We construct the ‘hard” instance by randomization. Let D be the
uniform distribution over {0, 1}. We have

£1I,na,}l§T REGr = Eﬁl ----- Lr XTDN [REGT]
T T
— ZE£1 ..... Et_lEet [<pt7’€t> ’ et—la 7‘81] _]E£1 ..... LT !mln th Z]
i1€[N]
t=1 t=1
T T
o Z E£1 ..... bi_1 <pt7 E‘et [Et ‘ Et—l? 7£1]> - ]E£1 ..... b [Iél[lj{/'l] Z gt 'L]
t=1 ’ t=1
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Lower bound of PEA

Theorem 2 (Lower Bound of PEA). For any algorithm A, we have that

REGT 1
Sup max

> —,
TN, AL /TIn N ~— /2

T T
Proof. max REGp > > Eeyrtoy (P Be, [ | £ion,y o 01]) — By gy [.mi“ Zétﬂ']

21,...,£T —1

T T
1
=T/2—FK ] Ez =K max ——gi
/ ‘ela"'a‘eT [z%%l] tz:; ta ‘ela 7£T ’I,E[N] — (2 ta )]
1 T
— _Eal ...op | 1AX Ot »
2 Y i€[N] — ’

Rademacher random variables
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Lower bound of PEA

Theorem 2 (Lower Bound of PEA). For any algorithm A, we have that

REGT 1
SuUp max > —,

TN, AL /TIn N ~— /2

Proof.

Rademacher random variables

Using the result from probability theory (Prediction, Learning, and Games, Chapter 3.7)
of Rademacher variables,
T
EO‘1,...,O'T |:maXiE[N] thl O-t,ii|

I:'> lim lim — /2. []
T—00 N—00 v T'In N
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Upper Bound and Lower Bound

Theorem 1. Suppose that ¥Vt € [T and i € [N|,0 < €;,; <1, then Hedge with
learning rate n guarantees

REGy < lnTN +nT = O(\/Tlog N),

where the last equality is by setting n optimally as \/(In N) /T.

Theorem 2 (Lower Bound of PEA). For any algorithm A, we have that

REGT 1
sup max

> —,
T.N,kr \/TInN ~ /2
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Prediction with Expert Advice: h

Nick Littlestone *

Harvard Univ.

Abstract

We study the construction of prediction algo-
rithms in a situation in which a learner faces
a sequence of trials, with a prediction to be
made in each, and the goal of the learner is
to make few mistakes. We are interested in the
case that the learner has reason to believe that
one of some pool of known algorithms will per-
form well, but the learner does not know which
one. A simple and effective method, based on
weighted voting, is introduced for constructing
a compound algorithm in such a circumstance.
We call this method the Weighted Ma jority Al
gorithm. We show that this algorithm is ro-
bust w.r.t. errors in the data. We discuss var-
ious versions of the Weighted Majority Algo-
rithm and prove mistake bounds for them that
are closely related to the mistake bounds of the
best algorithms of the pool Forexample, given
a sequence of triak, if there is an algorithm in
the pool A that makes at most m mistakes then
the Weighted Majority Algorithm will make at

*Supported by ONR grant NOOOI4-85- K0 445, Part
of this rescarch was dane while this author was at the
University of Calif st Samta Cruz with support from
ONR grant N00O14-86-K-0454

'Supported by ONR grant N0001 486 K-0454. Part
of this rmesrch was done whik this suthor was on
sabbatical at Aikes Computation Laboratory, Harvard,

' ial support from the ONR grants N 0001485
K-0445 and NOOO14-S6-K-0454

The Weighted Majority Algorithm

Aiken Computation Laboratory Dept. of Computer Sci.

Manfred K. Warmuth

U. C. Santa Cruz

most c{log|.A| +m) mistakes on that sequence,
where ¢ is fixed constant.

1 Intreduction

We study on-line prediction algorithms that
learn according to the following protocol.
Learning proceeds in a sequence of triak. In
each trial the algorithm receives an instance
from some fixed domain and is to produce a
binary prediction. At the end of the trial the al-
gorithm receives a binary reinforcement, which
can be viewed as the correct prediction for the
instance. We evaluate such algorithms accord-
ing to how many mistakes they make as in
[Lit88,Lit59). (A mistake occurs if the predic-
tion and the reinforcement disagree.)

In this paper we investigate the situation
where we are given a pool of prediction algo-
rithms that make varying numbers of mistakes.
‘We aim to design a master algorithm that uses
the predictions of the pool to make its own pre-
diction. Ideally the master algorithm should
make not many more mistakes than the best
algorithm of the pool, even though it does not
have any a priori knowledge as to which of the
algorithms of the pool make few mistakes for a
given sequence of trials,

The overall protocol proceeds as follows in
each trial: The same instance is fed to all al-
gorithms of the pool Each algorithm makes

Manfred Warmuth
UC Santa Cruz

CH2B06-38%0000/0256/501.00 © 1089 IEEE

Nick Littlestone and Manfred K. Warmuth.
"The Weighted Majority Algorithm." FOCS 1989: 256-261.

FOCS 30-year
Test of Time Award!

AGGREGATING STRATEGIES

Volodimir G. Vovk™
Research Council for Cybernetics
40 ulitsa Vavilova,.
Moscow 117333, USSR

ABSTRACT

The following situation is considered. At weach moment of
discrete time a decision maker, who does not know the current
state of Nature but knows all its past states, must make a
decision. The decision together with the current state of
Nature determines the loss of the decision maker. The
performance of the decision maker is measured by his total
loss. We suppose there is a pool of the decision maker's
potential strategies one of which is believed Lo perform well,
and construct an “aggregating™ strategy for which the total
loss is not much bigger than the total loss under strategies in
the pool, whatever states of Nature. Our construction
generalizes both the Weighted Majority Algorithm of
N.Littlestone and M.K.Warmuth and the Bayesian rule.

NOTATION

N, @ and R stand for the sets of positive integers, rational
numbers and real numbers respectively, B symbolizes the set
€0.1>. We put
g"= u B "= u B.
t<n t<n
The empty sequence is denoted by o. The notation for logarithms
is ln Cnatural, 1b Cbinary) and log, Cbase AJ. The integer

part of a real number ¢ is denoted by [t]. For A € R®, con 4 is
the convex hull of A.

1. UNIFORM MATCHES

We are working within C(the finite horizon variant of)
A.P.Dawid's “prequential” Cpredictive sequential) framework
Csee (Dawid, 1 in detail it is described in C(Dawid,
1988)). Nature and a decision maker function in discrete time
€0,1 .+n-1>. Nature sequentially finds itself in states Sor

comprising the string s = s, For

. . s R e
1 n=1 P 071 n-1
simplicity we suppose s €« B'. At each moment i the decision
maker does not know the current state s, of Nature but knows

"aadress for correspondence: 9-3-451 ulitsa Ramenki, Moscow
117007, USSR.

Volodimir G. Vovk
Royal Holloway,
University of London

Volodimir G. Vovk. “Aggregating Strategies."

COLT 1990: 371-383.
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Prediction with Expert Advice: history b

Yoav Freund Robert Schapire

Goldel Prize 2003

This paper introduced AdaBoost, an
adaptive algorithm to improve the
accuracy of hypotheses in machine
learning. The algorithm demonstrated
novel possibilities in analyzing data and
is a permanent contribution to science
even beyond computer science.

Reference: Y. Freund and R. Schapire. A Decision-Theoretic Generalization of On-Line Learning and an Application to Boosting. JCSS 1997.
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