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Outline
• Multi-Armed Bandits

• Linear Bandits

• Contextual Bandits
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Part 1. MAB
• ETC and �-greedy

• Upper Confidence Bound

• UCB1 Algorithm

• Regret Analysis 
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MAB Problem Setup

• The goal is to minimize the pseudo regret:
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Explore-then-Commit (ETC)

Exploration Exploitation

Commit!
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�-Greedy
• Another simple (yet practical) idea for exploration and exploitation. 

  -Greedy Algorithm

• In words, do exploration with probability     at round   .
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ETC vs �-greedy
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Upper Confidence Bound
• UCB: adaptive exploration across all the arms

optimal arm

suboptimal arm with highest 
estimated reward

ETC algorithm 
chooses this arm
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Upper Confidence Bound
• UCB: adaptive exploration across all the arms
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Upper Confidence Bound
• UCB: adaptive exploration across all the arms
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Upper Confidence Bound

A large UCB means uncertainty or good arm.
Choosing the largest UCB means either exploring or exploiting.

• UCB: adaptive exploration across all the arms
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UCB Algorithm

UCB Algorithm (known as UCB1)

q Estimator 

q UCB construction 

q Arm selection 
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UCB Algorithm
qEstimator 

qArm selection 

qUCB construction 

• A general principle for dealing with uncertainty, or a strategy for 
balancing exploration and exploitation

• Decision-Making Under Uncertainty: optimism drives exploration, 
encouraging to try new things or take controllable risks.



Lecture 4. Upper Confidence BoundsPeng Zhao (Nanjing University) 18

UCB construction 
• Hoeffding’s inequality

“bonus”
or confidence set/interval, 
estimate error,…
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Proof of Lemma 2

Proof.
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UCB1: Implementation
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Proof of Theorem 6
Proof.

Note that there is no explicit separation between exploration and exploitation in UCB (ETC 
has two separated stages; �-greedy has two separated phases).
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Proof of UCB Regret Bound
Proof.
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UCB: Gap-Dependent Bound

distribution-dependent
also called gap/instance-dependent
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Gap-dependent Upper/Lower Bounds
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UCB: Gap-Independent Bound

Proof.
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Gap-Independent Upper/Lower Bounds
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UCB construction 
• Hoeffding’s inequality

“bonus”
or confidence set/interval, 
estimate error,…
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Optimism in the Face of Uncertainty
• A principle: OFUL

• Optimism = "Act as if the best 
plausible explanation were true.”

• The greatest risk in bandits is not 
making a wrong decision, but 
never getting the chance to correct 
it. Optimism forces the algorithm 
to challenge its current beliefs (i.e., 
exploitation), to force exploration.



Lecture 4. Upper Confidence BoundsPeng Zhao (Nanjing University) 29

�-Greedy vs UCB

Example 1: All gaps similar

UCB

the same order
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�-Greedy vs UCB

Example 2: One nearly-optimal arm, many clearly bad arms

UCB1
UCB incurs significantly 

lower regret
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�-Greedy vs UCB

q Prior information dependence
‒   -greedy requires the knowledge of            to achieve the desired regret

‒ UCB1 doesn’t need any prior knowledge of gaps.

q Exploration mechanism
‒   -greedy explores all the arms uniformly

‒ UCB1 drives exploration through a confidence bonus, allocating more trials to arms 
with greater uncertainty.
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Part 2. Linear Bandits

• Formulation

• Estimator and UCB Construction

• LinUCB Algorithm

• Regret Analysis
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MAB vs Linear Bandits

• Exploitation: pull the best arm so far
• Exploration: try other arms that may be better

❑Multi-armed bandits: a simplest formulation for bandit problems 

❑Linear Bandits: context matters (especially important for ML)

• Example: book recommendation
• Feature: Each arm is a book w. side information
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• A ubiquitous problem in real life: feature information

• Each arm represents a book and has side information;
• Arm set could be very large or even infinite.

Stochastic Linear Bandits
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Formulation
Stochastic Linear Bandits

• Linear modeling assumption:
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Formulation

• Linear modeling assumption:

Stochastic Linear Bandits

• Regret measure: 
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MAB vs Linear Bandits

Arm set

Model

Regret

Multi-Armed Bandits Linear Bandits
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• Linear Bandits is a special case of MAB with infinite arms:

 

Deploying UCB to Linear Bandits

Why not directly deploy UCB to address Linear Bandits?

Haven’t exploited the additional contextual information !
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Recall UCB for MAB

UCB Algorithm (known as UCB1)

q Estimator 

q UCB construction 

q Arm selection 
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LinUCB: Linear Bandits with UCB 

LinUCB Algorithm

Ø Estimator: construct an estimation of the reward (linearly parameterized) 

Ø Arm selection: upper confidence bound selection

exploit explore
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• UCB for stochastic MAB

• UCB for stochastic LB (LinUCB)
• contextual information can be used to estimate expected reward.

LinUCB Algorithm

UCB estimation LinUCB estimation
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LinUCB: Estimator
• Input: historical feature-reward pairs

• Estimation: regularized least square (ridge regression)

“one-pass” incremental update
online data item is processed only once, 

don’t need to store it along the time

• This LS estimator can be updated incrementally.
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LinUCB: Estimator

• This LS estimator can be updated incrementally.

known as the Recursive Least Square (RLS) estimator

provably equivalent to the standard LS estimator

• Even accelerated by using rank-1 update (Sherman-Morrison-Woodbury 
formula), which reduces the computational complexity from 
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LinUCB: UCB construction
Key question: how to construct an appropriate UCB (for each action)?

exploit explore

Learning HistoryParameter Estimation

regularized LS estimator
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Construct UCB

Proof.
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Proof of Estimation Error Bound
Proof.

on-policy dependence!
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Self-Normalized Concentration
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Proof of Estimation Error Bound
Proof.
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Proof of Estimation Error Bound
Proof.
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LinUCB: Regret Bound

Proof.
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LinUCB: Regret Bound
Proof.
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LinUCB: Regret Bound
Proof.
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Yasin Abbasi-Yadkori, David Pal, and Csaba Szepesvari. 
Improved algorithms for linear stochastic bandits. 
In Advances in Neural Information Processing Systems 
24 (NIPS), pages 2312–2320, 2011.
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Proof of Estimation Error Bound
Proof.
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Self-Normalized Concentration
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Victor H. de la Pena

Self-Normalized Processes: Limit theory and Statistical Applications

Tze Leung Lai Qi-Man Shao



Lecture 4. Upper Confidence BoundsPeng Zhao (Nanjing University) 57

Tze Leung Lai (黎子良)
1945 – 2023

斯坦福大学统计系前任系主任

第一位华人COPSS总统奖获得者

https://en.wikipedia.org/wiki/Multi-armed bandit

https://en.wikipedia.org/wiki/Tze_Leung_Lai
https://en.wikipedia.org/wiki/Multi-armed_bandit
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Part 3. Contextual Bandits
• Generalized Linear Bandits

• Kernelized/GP Bandits

• Beyond UCB strategy
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Generalized Linear Bandits (GLB)
• Generalized reward modeling

 

Logistic model: binary feedback (click/not-click, prefer/not-prefer)
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Generalized Linear Bandits (GLB)
• GLM-UCB Algorithm 

Ø Action: UCB

Ø Estimator: regularized maximum quasi-likelihood estimator (Q-MLE) 

• Regret bound
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Generalized Linear Bandits (GLB)

NIPS’10 Parametric Bandits: 
The Generalized Linear Case

NeurIPS’25 Generalized Linear Bandits: Almost 
Optimal Regret with One-Pass Update

https://papers.nips.cc/paper_files/paper/2010/hash/c2626d850c80ea07e7511bbae4c76f4b-Abstract.html
https://www.pengzhao-ml.com/publication/NeurIPS'25_OnePass-GLB.pdf
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Advanced Topic: Bayesian Optimization

ICML 2020 ten-year 

Test of Time Award!

Reference: Gaussian Process Optimization in the Bandit Setting: 
No Regret and Experimental Design. ICML 2010. 

Linear bandits in RKHS

https://icml.cc/Conferences/2010/papers/422.pdf
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Beyond UCB strategy
• Thompson sampling

• Sample a model from the posterior and play the action that is optimal for 
the sampled model. Exploration is induced by posterior.

• Information-Directed Exploration (IDS)
• Choose an action distribution by balancing expected one-step regret 

against expected information gain about the optimal action. Exploration 
explicitly targets observations that are informative for future decisions.

• SquareCB
• Use an online regression oracle to predict the reward of each action, and 

randomize according to the predicted reward gaps.
• It reduces contextual-bandit regret to a square-loss predictor without 

explicitly constructing UCB confidence sets.
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Bandits: history bit 
• Bandit problems were introduced for the clinical trial design by William R. 

Thompson in an article published in 1933 [Thompson, 1933].

• Thompson Sampling (TS) was originally described in this paper but has 
been largely ignored by the artificial intelligence community.

• TS was subsequently rediscovered numerous times independently in the 
context of reinforcement learning. 
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Bandits: history bits 
• Bandit problems were later formally restated in a short but influential paper 

[Robbins, 1952] and further developed in [Lai and Robbins, 1985].

Herbert Ellis Robbins (1915 - 2001)

H. Robbins. Some aspects of the 
sequential design of experiments. 
Bulletin of the American Mathematical 
Society, 58(5):527–535, 1952.
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Bandits: history bits

Herbert Ellis Robbins (1915 - 2001)
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Summary

Q & A
Thanks!


