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Outline

 Bandits and MDP

* One-Pass Bandits

* RL Implications
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Part 1. Bandits and RL

* MDP
* Tabular MDP
* Function Approximation

* Policy Gradient
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MDP

* In RL, the interaction between the agent and environments is
usually captured/modelled as an MDP.

Definition 1 (MDPs). An infinite-horizon, discounted Markov decision pro-
cesses (MDPs) is denoted by M = (S, A, P,r,, 1), where

A state space S, which may be finite or infinite.

An action space A, which also may be discrete or infinite.

A transition function P : S x A — A(S), where A(S) is the space of probability distributions
over S. P (s’ | s,a) is the probability of transitioning into s’ upon taking a in state s.

A reward functionr : § x A — [0, 1].

A discount factor v € |0, 1), which defines an effective horizon for the problem.

An initial state distribution p € A(S), which specifies the initial state s.
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RL concepts

* Trajectory: = o, 0, 0o 1,0 -1, -1,
* Policy:
« Astationary policy : - A  specifies a decision-making strategy

in which the agent chooses actions based only on the current state, i.e.

A deterministic, stationary policy is of the form : -

 Goal: maximize cumulative reward Vii(s) =E | > 2" (st a) | w50 = s
t=0
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Tabular MDP

First observe an initial state s; from a feasible set S

Ateachroundsteph =1,2,..H
1. the agent choose an action a;, from a feasible set A

2. observe the reward Ry ~ r,(sn,an) and next state sp11 ~ Pp(-|sp, an)

@ Only contain present s;, and ay, ﬂ

* Memoryless Property : The future depends only on the present, not on the past.
* Full Observability : The agent has access to the complete and true state of the

environment at each time step.
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Tabular MDP

 Instead optimize one step reward in bandits, we need maximize the
cumulative reward.

> State-action function and state function under policy 7

H H
Q7 (s,a) =E ZRt sp=s,ap=al,Vy(s)=E ZRt shs}
t=h t=h

Expectation is over reward, transition, and policy randomness.

We optimize the following regret to achieve the goal.

> Regret is defined as the difference from the optimal policy.

REG(m) = max V" (s1) — V{"(s1) 2 V(1) — Vi (s1)

T
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Bellman Equation
 Policy Evaluation via Bellman Recursion

Qr(s,a) =ry(s,a) ZIP’h (s" | s,a)ViTLi(s,a) & rp(s,a) + PLV (s, a),

Vir(s) = Qr (s, ma(s ))-

Key Idea: Simplify the computation of () and V into a recursive process.

If r1,(s,a) and P, (-|s, a) are known, optimize via DP.

DP version
For dynamic programming:

(1) state: f[h][s], the maximum expected future reward at state s and step h;
(2) transition: f[h|[s] = max, {rn(s,a) + > . Pn(s'|s,a)flh + 1][s']};
(3) computation: backward from h = H to h = 1.
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Exploration vs Exploitation

d Known model: dynamic programming yields 7« = arg max, V{"(s1)

d Unknown model: agent must learn while interacting with the environment.

Exploration Exploitation
Try uncertain actions to collect information. <:> Choose action with highest estimated value.
- improves future estimates of rewards and trade-off - maximizes reward under the current model

transitions

Risk: inaccurate estimates may cause persistent
Cost: possibly lower immediate reward
mistakes

The key challenge is to balance immediate reward and information gain.
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Tabular Episodic MDP

* With unknown environments, it's necessary to make episodic trials.

* Episodic MDP: repeat the same task many times, each for steps.

* :horizon length of each episode
* :number of episode
. = : total number of interaction steps

For each episode k =1, -+ | K
First observe an initial state s; from a feasible set S

Ateachroundsteph =1,2,..H
1. the agent choose an action ay, ;, from a feasible set A

2. observereward Ry j, ~ 7k n(Sk.h, 0k n) and nextstate sg p+1 ~ P (-|Sk.n, ak.pn)

Peng Zhao (Nanjing University) Lecture 5. Online MDPs 10



Tabular episodic MDPs vs. MAB

O Regret over episodes: REG(K) =3, Vi"(sk.1) — V™ (s.1).

Q Episodic MDP: M = {S,A, H, {7n} herm 7{Ph}he[H]}‘

' -Ts

an
= NISOC bls = -
; N s : al®
i S . Key relation
K Sequential decisions: Actions affect Separate decisions: Actions (arm
Diffe?gnce current states, future possibilities, and | selections) are independent and
total rewards within finite episodes. only affect immediate rewards. MAB is a special case
L . . .
o of episodic MDP with
E Explore by selecting an action, %j Explore by selecting any arm Z ¢ .o
< | Exploration | leading to a random trajectory (action) in any step; access is |EEIE"' no state transition.
E through multiple states. @I l ;O directtoanyoption. & & & &
Learn a policy mt to maximize Select the arm with the highest
Exploitation | expected total return (V;™), Vﬂ“: expected immediate reward
prioritizing long-term goals. (optimal arm).
- J
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UCB for MAB

* We cannot directly visit any state-action pair. Consider this example, we must use
strategic exploration to visit 4+, . We try to use UCB algorithm in MAB.

a1

(L4 ]
sy 11 is hard to visit
with random exploration.

aq

UCB Algorithm (known as UCB1)
Ateachroundt=1,2,---

(1) Choose arm a; = arg max,¢(x] UCB;_1(a)

(2) Observe reward r; and update the estimation i

(3) Update upper confidence bounds UCB;(a) by new estimation
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Employ UCB to MDPs

Assumptions

« Rewards are known and deterministic: Ry 5, = r(Sk.n, 0k n) and rp, is known.

« The only unknown quantity is transition kernel P,; Assuming 0 < rj, < 1.

» UCB principle: estimate the unknown parameters, construct confidence sets,

and choose the optimistic model.

transition probability Py 7

Problem: Given observations s; p, @; n, Si h+1

k

=1’

how should we estimate the

Peng Zhao (Nanjing University)
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Employ UCB to MDPs

Problem: We have Vi € [k|(s; 1, @i n, Si.n+1), then how to estimate Py, ?

We define

NF(s,a) = Z]l{szh,azh (s,a)}

Nh S,a, S Z]]-{ S; h,yaffl, h)S’L h—|—1) (S,CL,S/)}

Then estimated transition probability is as follows:

~ N,]f(s,a,s’) . L
Pj(s' | s,a) =4 Ni(s9) if Ny(s,a) >0,
any distribution on S if Nf*(s,a) = 0.
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Employ UCB to MDPs

For each (s,a,s’) € S x A x S, define

k
k
NF(s,a) = > 1{(si0. i) = (5.0)} Ny (5,0, 5') NE(s,a) > 0,

> Bi(s' |s,0)i={ Ni(sa)

any distribution over S, NF(s,a) = 0.
Ny (s,a,s') := Z]l{ Sihy @ik, Siht1) = (8,a,8)}.

We then analysis the estimation error to build high confidence interval.

Lemma 1 (Model error against V*). Fix 6 € (0,1) and let L = In(2SAHK /). With
probability at least 1 — ¢, simultaneously for all h € [H], all (s,a), and all episodes k with

Nf(s,a) > 1,
L
<H,|—/.
Ny (s, a)

Pk (. — Pu(- Ly
n(]s,a) h(- | s, a) h+1

Peng Zhao (Nanjing University) Lecture 5. Online MDPs 15



Proof of Estimation error

Lemma 1 (Model error against V*). Fix 6 € (0,1) and let L = In(2SAHK /). With
probability at least 1 — ¢, simultaneously for all h € [H], all (s,a), and all episodes k with

Nf(s,a) > 1,
L
<H,|—/.
Ny (s, a)

Pk (- — P, (- Ly
h(-|s,a) h(- | s,a) h+1

Proof. Fix (h, s, a) and each time you visit (s,a) in h-step, s’ i.i.d samples from Py (-|s, a).

/

We set n = N/(s,a) and s, s}...s!,

Y; = V7,4 (s}), then

is the next state according to n samples.Let
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Proof of Estimation error

Proof.

P (-|s, a) ) VL, = ZYZ,E =P (-]s,a)

Lemma 2. (Hoeffding’s inequality). Suppose Xl,_.. X, are independent, 1dentzcally
distributed random variables with mean p. Let X, :== = > | X; and p = E [X,,].

If X; € [b_, by ]| almost surely, then for any e > 0,

_ 2ne?
Pr(| X, — il > ) < 2exp (—(b+ ne )2) |

then we have

2ne?
= Y, — ]E > <2 —
<| Z il | 6) — eXp( H? ) Union bound over
5

(h,s,a) and n gives 3

Setting ¢ = H+/In (4SAH K/§) /2n makes the RHS at most ZSAHK ]
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Employ UCB to MDPs

To handle case when N (s,a) = 0, we change the lemma as follows.

Lemma 1 (Model error against V*). Fix 6 € (0,1) and let L = In(2SAHK /). With
probability at least 1 — ¢, simultaneously for all h € [H], all (s,a), and all episodes k with

NF(s,a) > 1,

. L
7 previous H\/N;j(s,a)ﬂ
<H

Ny (s,a)

Pk (. — Pu(- Ly
n(]s,a) h(- | s, a) h+1

Add estimation error to bellman function and get UCB functions as follows.
Qh(s,a) = ra(s,a) +2H | ey 1+ Vil (s, 0)

ViE(s) = Qf (s, (5)) .
7b(s) — arg max, O (5,0 b (5, a)
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Optimism

Lemma 3 (Optimistic Value Estimation). With probability at least 1 — ¢, uniformly over
all h € [H], (s,a), and episodes k satisfying NF(s,a) > 1.

Qﬁ(s, a) =rnp(s,a)+2H NF(s.a) 7 1 + th/,fﬂ(s, a)
h )

Qll{é_H-l(S?a) — O,QQ(S,G) Z QZ(S,CL)

Proof. We proof Q% (s,a) > Q% (s, a) by induction, when h = H+1, Q% (s,a) = Qi (s,a) =0 O

While h < H, we have Py & > P(sHV(s)
QZ(Sa a) —Qr(s,a) = bl;;(s, a) + I@)hvhk—i—l(sa a) — thh*ﬂ
= beL(S, a) + (]ﬁ)h — IP)h) V};—l + IE))fb(‘A/ka—l—l o V1:<—|—1)

PL(ViF — Vi) by induction
0
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Employ UCB to MDPs

Principle: Estimate transitions and plan optimistically with UCB bonuses.

Algorithm 1 UCBVI (episodic, tabular)

Input: failure probability 0
1: Initialize N} (s,a) + 0 and N (s,a,s’) «+ 0 forall h, s, a, s’
2: fork=0,1,...,K —1do
3:  Form P} (- | s,a) from counts (arbitrary if NJ(s,a) = 0).

4 Set bonuses b (s,a) « 2H\/ﬁ where L = In(SAHK/6).

5: Compute (Vh Qk K af)i ! by backward induction:
Qh(s a) < rp(s, a) — bk(s a) + IP’thH(s a)

Th(s) ¢ arg max, Qh(87a)7 Vh (s) < Qh(s 7Th( )
6:  Execute 7%: s§ = sp; for h =0,...,H — 1 take af = 77 (s¥) and sample
shar ~ Pi(- | sy, ap).
7. Update counts: N;t'(.) < NF(.) then increment the visited
(Szv al}iv Sfb—l—l)’
8: end for
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Employ UCB to MDPs

Theorem 1. (Upper Bound for UCBVI) With § € (0,1) and L = In (2248E) then UCBVI
quarantees with the probability at least 1 — o

REG = O (H2S\/M) |

Theorem 2. (Lower bound of MDP) For any algorithm A, there exist an MDP M with § states and
A actions such that for any initial state s € §,
the expected regret of A after T' = K H steps is

E[REG] = 0 (H\/&TT) .

Jaksch et al., Near-optimal Regret Bounds for Reinforcement Learning, JMLR, 2010.
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Proof of regret bound

quarantees with the probability at least 1 — o

REG = O (H2S\/M) |

Theorem 1. (Upper Bound for UCBVI) With 6 € (0,1) and L = In (QS%HK

),then UCBVI

Proof.
REG = Z Vi(sk1) — V™ (skn) < Vi (sk1) — V™ (sk.1)
k=1
Fix k, h,we have

A

Vi (si,n) = Virt (sen) = 05 (St awn) + PV (Sen, arn) — PEVITE L (Skons ai,n)
b

k
h
k
h

Jaksch et al., Near-optimal Regret Bounds for Reinforcement Learning, JMLR, 2010.

(s,a) + I/P):L(‘A/h{:—l - Vfﬁﬁ(sk,h? ak.n) + (HADZ — PZ)foﬂ(Sk,ha ak,h)
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Proof of regret bound

Proof.

A

Vi (sk,n)

= Vi " (81,0) =

bl

(Sk,hsakn) + P (VELL — Vi) (Skops arn) + (PF = PRVIF L (Sks ann)

bl

So we have by induction

A

V1k(3k:,1)

(Sk,h>Qk,n) + E {(th-l-l — V¥ ) (Sk, s ak,h)} + (PF — PR)ViE 1 (Skohs arn)

bonus term  transition estimation error

Z by (Sk,h> @) + (B — PRI Vilir (K., @ 1)

where the expectation take on random trajectory.

Peng Zhao (Nanjing University)
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Proof of regret bound

Theorem 3 (Concentration for discrete distributions). Let Z be a discrete random variable
supported on {1, ...,d} with distribution ¢ € A(|d]), and let § be the empirical distribution from
N 1i.i.d. samples. Then with probability at least 1 — ¢,

A 1 log(1/4)
_ < .

1 —qll1 < \/E< ! + \/log(1/5)>.

2N

Consequently,

2
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Proof of regret bound

Proof.

VF(sk,1) = Vi (sp1) =E

H
> b5 (Skns arn) + (PF — P Vi (skon,s ak,h)] :
h=1

Directly use with &' = 5=, we have with the probability 1 — $ for all

(S,CL, hak) €S xAX [H] X [K] union bound

HP;]f(-ls,a)—Pﬁ(.p,a)Hl <\/§<%+\/ln(2145/)> SZ\/SIHS/(S/)

then we can bound transition estimation error on V' by

A L L
HV,{“HH < 2H kS <4H, | — 5 .
1 o0 Ny(s,a) Nyi(s,a)+1

(PF PV (skoh, akn) < ||[PF — P,
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Proof of regret bound

Proof.

h=1
H
L SL
<> 2H +4H, | —
h=1 Ny (Skhyak,n) +1 Ny (Sk.n,ar,n) +1
SL
<6H, |~
Ny (Sk,hs ar,n) +1
K K H 1
REG = Y VF(sp1) — V™ (sk1) < 6HVSL
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Proof of regret bound

Proof.
K H n
REG < 6HVSL
LY | St
H N/ (s,a)+1 ] H
<OIVSIY.Y > |t <envSIY Y \/NE G+ 1

A=l sa 1=l h=1 s,a relabeling summation index

H H

< 12HVSLY S\ /NK(s,0) < 12HVSLY . |SAS. Nf(s,0)
h=1 s,a h s,a

=1

H
< 12HVSLY VSAK =0 (H2S\/AK)
h=1
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Optimality Concern

Instead of bounding the error term (@’Z — IP’h)‘A/h’“ 1 by HI/P\’IZ — Py H . H‘A/hkﬂ H

@)

we decompose it into two terms:(P — P, )V;*, , and (P} —P,,)(VF, | — V7).

Theorem 4. (Azar et al. (2017)) Consider a parameter 6 > 0. Then the regret of UCBV'I is

bounded w.p. at least 1 — 0,by
REG = O (H*V/SAK)

. Improved the regret bound by v/S.

« For optimal regret, estimate the transition variance and build a weighted esti-
mator; this gives a furthur v i improvement.

Azar et al., Minimax Regret Bounds for Reinforcement Learning, ICML, 2017.
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A Reflection

Theorem 2. (Lower bound of MDP) For any algorithm A, there exist an MDP M with S states
and A actions such that for any initial state s € S, the expected regret of A after T' = K H steps is

E[REG] = Q (H\/&TT) .

. A trival upper bound is K H since r,(s,a) < 1.

« When K > HSA, the lower bound may no longer be informative.

Takeaway: The regret scales with both and . In real problems, large

state and action spaces imply that many learning episodes may be required.

Jaksch et al., Near-optimal Regret Bounds for Reinforcement Learning, JMLR, 2010.

Peng Zhao (Nanjing University) Lecture 5. Online MDPs

29



Part 1. Bandits and RL

« MDP
 Tabular MDP

* Function Approximation
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Function Approximation

Tabular MDPs: usually maintain a table to store values for all states (or state-

action pairs), which scales with state number and action number

Figure 1 Figure 2 Figure 3
We discover through In tabular methods, we know We know nothing about
experience that this state is bad nothing about this state. this state either!

But this has a poor scalability in practical scenarios; and many structures yet to exploit...
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Function Approximation

RL Function approximation: approximate using a parameterized function.
* To avoid bad dependence on #states , #action in tabular MDPs
* Describe states (or state-actions) using feature representations in

e A modern choice: DNN as a feature representer

similar
output

parameterize MDP model with a low-dimensional representation

> regret bound should not dependent on S or A, but rather the intrinsic dimension d
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Linear MDP and Linear Mixture MDP

Random transition with

Sh+1 ~ Pn(:|sh, an)

Ppr(-[s,a) = (¢(s,a),u(-)) Linear MDP
P (-|s,a) = (¥(-|s,a),wy) Linear Mixture MDP

LINEAR MDP LINEAR MIXTURE MDP

B _ pes

— a' >

¢(s,a)

LIS UNIICNES  NO. Only send features ¢ (s, a)
REQUIRED? to an “unknown” box. No need to | YES. Features depend on s’ explicitly,

analyze actual s’. eg. using ¢(s,a,s’).

and are known function.

and w are unknown.

The difference is whether model

IS IT EASIER

| next step to known function.

TO DESCRIBE
NONLINEAR

RELATIONS? NO. Principally models linear YES. Easily describes nonlinear relations | . .
relationships. by mixing diverse feature components. | We will use Linear MDP.
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Linear Mixture MDP

e Linear Mixture MDPs

rh(xv CL) — <¢(x7 a’)? 0;;>

¢ : S x A R?is known feature map

P : S x AxS — R?is known feature map

Py (s | s,a) = (¥ (s" | 5,a),wy,) e {67} is the unknown reward parameter

o {wiltH  isthe unknown transition parameter

* Linear Bandits

(1) the player first chooses an arm X, from arm set &’;
(2) and then environment reveals a reward r; € R.

» Linear modeling assumption: r+(z) =z ' 6. + 7

Linear bandits serve as
a foundational tool for
understanding linear

mixture MDPs
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Linear Mixture MDP

Using the parametrization of Linear Mixture MDPs where P(s’ | s,a) = (¢ (s
s,a), 07), we have the following

|

QZ(S,CL) — Th(S,CL)—I—Z HD(S/ ‘ S7a)vh7r—|—1(5/> — ’l“h(S,a)—I—<Z ¢(3/ ‘ Saa)vhﬂ+1(8/)792>

k—1
~ ) i 2 i
W) = arg Inin Awl[wl[3+ §1 (Vg1 (sinr1) — (in, W)~ where 1, j, = E (881,05 @3,0) Viy1 (8)

Vji,, instead of V}¥. ;.

Thus can do one-pass and
history-free update.

Computation cost will contains
S without more assumption.

Zhou et al., Nearly Minimax Optimal RL for Linear Mixture MDPs, COLT, 2021.
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Linear Mixture MDPs

* Least square for parameter estimation

Reward estimation

fcRd

Transition estimation

weRd

k—1
~ , A 2
0, = arg min {29«93 + g (r1(sh, an) — ¢(sh, ah)TQ) }
j=1

k-1

N : Aw

W), = arg min {2“’3 + > (($ny1(sn,an), w) — Vh+1(5h+1))2}
j=1

at
(0O]
agent environment
g r(S¢, a)
H
Vir(s) =Ex | Y rw (snan) | sp = S]
h'=h

Estimation error

W = wlls, < O (VaH (log(t/9))?)

Regret bound

REGT < (5 (d\/ H3K) K: the number of epsiodes

H: the length of each epsiode

Peng Zhao (Nanjing University)
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Linear MDP and Tabular MDP

Linear MDP assume there exist known feature map

618 x AR |o(s,a)ll, < 1,

and unknown transition matrix rank of transition
ur € RISIxd matrix less than d.
h .

Then

PZ( ‘ S,CL) — :u;kqu(sva)
If we set i} (s") = (u3,),, and Py (s’ | s,a) = (P (- | s,a)),,, then

P;kz(S/ | Sy a) — NZ(S/>¢(57 a)

To achieve tabular mdp,we set d = |S||A| and ¢(s,a) = e(s 4)(0ne-hot encod-
ing),than (M;:>(3/,(s,a)) =P} (s']s, a).
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Linear Bellman Equation

Key property: For any bounded f : S = R, (P} f)(s,a) is linear in ¢(s, a)

Lemma 4. Fix h and bounded f. Let w = ()" f € RY. Then
ES/N]P}Z(-IS,CL) [f(sl)] — (]P);;,f) (87 a’) — ¢<87 G)TWZ

If|flloe < H, then |[w}l, < HVd.

Proof:

Py fl(s,a) Zf P (s | s,a) = Zf o(s,a)

] [Z f(s’)u;;(s’)] b(s,0) = (W3] T1] " 6(s0) = Bls,0) T w.
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Planning with a Known Model

If 17 is known, then all transition parameter can be compute. We can find the
optimal policy by a backward DP.

DP version
For dynamic programming:

(1) state: f[h][s], the maximum expected future reward at state s and step h;
(2) transition: f[h][s] = max, {rs(s,a) + ¢(s,a) 'w}};
(3) computation: backward from h = H to h = 1.

wy, = 2 by (s') flh 4+ 1][5']

We don’t need to estimate all 11}, we just need to estimate w;
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Transition Estimator

Follow the backward dp, we estimate value function V
From h = H to 1 when k episode end.

unknown part known since backward

We use history transition {s; n, @i n, Si.h+1 }Z - to estimate transition.
2

A . k A

Wi, = arg minw A[[wl|3 + >, (Vh+1(3z‘,h+1) — 2o (W, O(si,n; ai,h)>) -

W, = A, S O(Sis ain) Vi1 (Sias1)
Agpn =AM+ 27];1 O(sinsain) d(Sin,ain)
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Estimation Error

Lemma 5 (Concentration Bound for Linear Bellman Function). Let A, = AI +
Zle D (Sihy @i n)d(Sin,a:n) ! be the covariance matrix at stage h. For any § € (0,1),
with probability at least 1 — ¢, the following inequality holds uniformly for all state-action
pairs (s,a) € S x Aand all stages h:

(Wh, 6(s,0)) — BV (5. )] < By/6(5,0)TALO(5,a) 2 Bll6(s.0) 5

where the scaling factor 3 satisfies:

~

8 =0 (Hd).

In sub-gaussion noise, we assume r(s,a) = (¢(s,a),d) + n, and there we
can consider P/ (s,a) = (w;, ¢(s,a)) + 1. So the analysis is similar.
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Estimation Error analysis

Proof. Letwy =3, “h(sl)vhkﬂ(sl)' My = th+1<3i,h+1) - szhkﬂ(si,h, a;,n) and
Qbk,h — Cb(Sk,h, ak,h), then

(Wi ¢(s,0)) =P Vi (s,a) = ¢(s,a) ' (Wi — wiy) < [|o(s.a)lly» [|Wy — wi],

ST 1k -
with Wi = Ay S77 1 éin Vi1 (si,ny1), we have

k
—1 ke k
Ay Z Gi,h Vip (Sip+1) — Wi,

1=1

HVAV]; - WiHAk,h =
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Estimation Error analysis

Proof.
k
s k k
Hwh - WhHAk,h — Z th_|_1 Sq h+1) Wy,
we have
Tk k k
Vice1(Sih41) = (igh, W) + 1
Then
k k
~k k —1 T k k k k
1k = willy, = |[Aeh | D dun (elnwh +m7) — Ak,hwh] > binnin + AW -1 = O (Hd)
’ i=1 Awn i=1 .
Theorem 4 (Self-normalized concentration). For any § € (0, 1), with probability
at least 1 — ¢, forall t > 0,
4 1 _1
i (det(v;)z ((:Slet(Vg) ) |
Vi
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Construct UCB algorithm

* We add estimation error as bonus part and get

Lin-UCBVI
Fork=1to K

1. Compute all Q, V function and estimated @ from h = H to 1

2. Choose action aj, according to current state s;, and () function.
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Lin-UCBVI

Algorithm 2 Lin-UCBVI (episodic, linear MDP)

Input: regularization parameter \, exploration bonus coefficient 3
1: Initialize Ay o <~ Mland by o <~ Oforallh=0,1,...,H — 1.
2: fork=0,1,..., K —1do
3 Compute Wf < A, 3 by forallh =0,1,..., H—1(setwy « 0if k = 0).

4 Compute (VF,QF, 7%)E =1 by backward induction: V}(s) < 0, and for
h=H-1,...,0:

@,’j(s, a) < min {H, ru(s,a) + (W o(s,a)) + 5\/qb(s, a)TAE}cqb(s, a)}

ThEs) € argmaxa Qhls @), VE) éiz(s i (s)
5. Execute 7*: sf = sg; forh = 0,..., H — 1 take af = 7l'(s¥) and sample

k ~ P* (- k k
Sh+1 n (| shsar).
6: Update design matrices: Aj, 11 < Ap g + @(s7, a’fb)qb(s’fb, ar)' for all h.
7. Update target vectors: by, x41 < by + (s, ah)VhH(sﬁH) for all h.
8: end for
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Regret analysis

Theorem 5. Fix 6 € (0,1) and assume ry(s,a) € [0,1],||¢(s,a)|l, < 1, than Lin-UCBVI with
regqularizer X\ has the regret with the probability at least 1 — 0

O(ﬁH\/Kdlog (1 + dﬁ)\))

With our estimator, 6 — 6 ( dH), then Jinetal, “Provably Efficient RL with Linear Function Approximation,” COLT, 2020.

REG = O (H2 \/di’T‘()

If we use weighted estimator(Weighted Ridge Regression,Jin et al. (2020)) and
get 3 =0 (\/3) , then we get the optimal regret.

REG = O (dH@)
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Regret analysis

Proof. Optimisim:

Qi(s,a) = Qh(s,a) = Bllé(s,a)lly, , +PaViiii(s,a) = PuViy
= Bllo(s,a)lly, , + (@’h - Ph) Vieer + Pa(Viies = Vi)

> Ph(vif—kl - Vh*+1>
>0

Looking back to Tabular MDP, Linear MDP add more assumption on Tabu-
lar MDP,so we can directly use

A

Vi (ska) = Vit (se,1) = E

H
> Bldrnlly, , + B =P Vit (skn, arn)
h=1

where ¢ 1, = ¢(sk.h, ak.n)-
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Regret analysis

Proof.

VE(sk1) = Vi (sk1) = E + (PF — PE)ViF 1 (Skn, ak:,h)]

IA
=

K K H
g 3k:1 Skl E g |

k=1

1 <252 —O(BH\/Kdlog <1+§2
h=1

k=1

Lemma 4 (Elliptical Potential Lemma). For any sequence {X1,...,Xr} € R,
suppose Vo = M, V; = Vi1 + Xo X', and || X,||, < L, then
i
e
X 2_1<dlog 1+—) _
; [ Relly2 = ( Ad proved in Lecture 6
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Efficient Concern

AT — k o
Wh = Ak:,}z Zz‘:1 (b(si,ha ai,h)Vh+1(3i,h+1)
Ak:,h = A + Zle ¢(87;,h, az‘,h)T¢(87;,h, az’,h)

Once policy 7 change, we need to again calculate all V" "1 (8,h41)-
So we must save all history data and cannot do one-pass update.

Lin-UCBVI algorithm has the total computation cost
O (Hd*+ HKd* + KHAJ)
Computation contains action size A, which is always very large in real world.

Thus strategic exploration is not a typical choice in current practical applica-
tions.(instead policy optimization algorithms)
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Part 1. Bandits and RL

* MDP
* Tabular MDP
* Function Approximation

* Policy Gradient
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Policy Optimization

e Consider infinite-horizon discounted MDP M = (S, A, P,r,~, p), where
p is the initial state distribution and v € (0, 1) is the discount factor.

e A policy is parameterized by 6: mg(a | s). acfion m
Initial state sg ~ p. Ateachroundt=0,1,2,--- (&2,
1~/state transition
(1) agent take action a; ~ my(- | s¢); T S e @
agent environment

(2) environment reveals a (deterministic) reward r;(s¢, at);

(3) state transits to s;4+1 ~ P(- | s¢,a¢).

reward 7(s¢, ay)

e The goal is to maximize expected return J(0) = E,r, Do V7 (St, at)],
where a trajectory is 7 = (sg, ag, S1, a1, - - .).
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Vanilla Policy Gradient

e The goal is to maximize expected return J(0) = E,r, Do V7 (St, at)],
where a trajectory is 7 = (9, ag, 51, a1, - - .).

e In general, policy optimization means directly updating 6 to increase J(0).

A vanilla idea: do gradient ascent to J(#) although the optimization
problem is non-convex in many cases).

Vanilla Policy Gradient (REINFORCE)
Atround k£ =1,2,..., update:

Opi1 = 0 + nz Vologme(as | s¢)Gy, where Gy = ka_tr(sk, ak).
! k—t
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Vanilla Policy Gradient

(9k+1 = ek -+ UZ”YtVQ log W@(at ‘ St)Gt, where Gt =
t

e Calculating the policy gradient estimator:

ZVtT(Su at)]

t=0

VoJ(0) = VoE,r,

=E;on, | VoP™[r nytr St, at)] (log-derivative trick: VP[7| = P[7|V log P|7])

— ]E”TNTFQ ZVHWQ Qt ‘ St <Z’Y Skaak >] (]P)ﬂ—g [7'] = p(SQ) Ht W@(at ’ St)P(St+1 ‘ st,at))

=Eron, Z v Vomo(as | se) - Gt] . (action a; only affects rewards-to-go r(si, ax) for k > t)
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Baseline Policy Gradient

e Value function Q™ (s,a) = E. D oo Y7 (st,at) | So = s,a0 = a.

e Discounted state occupancy d™(s) = (1 —7) > ,—q7'P™[s; = s].

Theorem 1 (Policy Gradient Theorem).

1

VoJ(0) = ﬁEswdﬂe,awe(-ls) [Vologmg(a | s)Q™(s,a)].

e Usually we replace Q™ with the advantage function A™(s,a) = Q™ (s, a)—
V™ (s), where V™ (s) = E,r(.15) @™ (s,a)]. Then,

1 _
VoJ(0) = ﬁESNdﬂ—G,CLNﬂ'Q("S) Vologme(a | s)A™ (s,a)].
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Baseline Policy Gradient

e Vanilla policy gradient: V,J(0) =E, nytVQ logmg(as | s¢) - G -
t

e We can subtract any state-dependent baseline b(s):

Egnry(-1s) Vo logmg(a | 5)b(s)] = ZTF@(CL | s)Vglogmg(a | s)b(s)

=b(s) Y Vemg(a|s) =b(s)Vel = 0.

So we can use G —b(s;) instead of GG, for any such baselines. The most common
choice is b(s) = V™ (s). Then Gy — V™ (s;) := A, estimtaes the advantage.

e Advantage policy gradient: V,J(0) =E, Zytvg log mo(as | s¢) - Asl .
t
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Actor-Critic

©.@)

Opi1 = Hk—Hyz:vth log o (ay | st)ﬁt,
[

e Actor (policy model): mp(a | s)
e Critic (value model): V(s)

Example: estimator via TD error

121\75 ~ 575 =1y + ’7V¢(St+1) — V¢(St)

o Actor update: 011 = 0, + 19V logmg(as | 5¢)0; B ) G ”

e Critic update minimizes Ly (¢) = (Vp(s¢) — (7 + 7V¢(st+1)))2.
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Natural Policy Gradient

e Vanilla policy gradient: 01 = 0, + nVyJ(01).

Note that policies are probability distributions. A small change in 6
can cause a large change in g, or vice versa.

Optimizing over parameter space Optimizing over policy space
Ok+1 = 0 +nVoJ(0k) ?
T T
max VoJ(6) A6 max VoJ(0) A6
S.t. HA@H% < 9. S.t. DKL(T"GHWH—FAO) < ).

where Dkr,(mg||To4a0) = Esaare [Dxr(mo(:]5)||mo+a0(¢]5))].
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Natural Policy Gradient

Constrained max Vo J(0)" AG
form: S.t. DKL(7TQH7TQ+A9)S5.

Mirror descent , 1
Ok+1 = arg Inax (VoJ(0k),0" — 0r) — —Dxu(mo, ||7or)
form: d J

e Second-order approximation of Dkr,: Dkr(mel|mo+ne) ~ A0 F(0)AS,

where F(0) = Esqro anry(-|s) [ Vo 10g ma(als) Vg log me(als) '] is known as
the Fisher information matrix.

e Natural policy gradient: 0,1 = 05, + nF(0,)TVyJ(0}).
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Trust Region Policy Optimization (TRP

Constrained form of NPG: | max VoJ (6) " Ab

S.t. DKL(WGH7T9+A0) < 0.

e It'sa KL-constrained linearized problem, since J(6+A6) ~ J(0)+VaJ(0) " A6.

e TRPO maximizes the surrogate objective Lg . (0) = Es ooy [re (s, a)ﬁ”%ld (s, a)} ,

where 74 (s, a) = 2459 js the probability ratio. t

77001(:1 (870’)

(performance difference lemma:

TRPO: max Lg . (0)

6 2 J(0) = J(Octa) + 725 Bs anm[A™74 (5, 0)])
S.t. DKL(ﬂ'Qold H?Tg) <0
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Proximal Policy Optimization (PPO)

TRPO: max Es gromy {T@(S,a)gﬂ-@old(s,a)}

S.t. DKL(T‘-GOMHT‘-@) < 0.

PPO-KL Penalty: | max Eqqr,, |ro(s,a) A% (s,a) — BDxu(70,,)(-|s) | mo(-|s)]

0

PPO-Clip: max E; [min (rt(G)A\t, clip(r¢(0),1 — e, 1 + e)gt)} :

o If Et > 0, then action a; is better than expected (so we want to increase its

probability). But PPO prevents r.(0) = molaclst)  from becoming too large.

Moo (at]S¢)
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Proximal Policy Optimization (PPO)

PPO-Clip: | max LY%(6) = By [min (r,(60) A, clip(ry(6),1 — &1+ €) 4, ) |.

A>0 A<O

PPO in practice:

[CLIP 1 —& |

LYPO(0, ¢) = LUP(0) — ¢1 Ly (¢) + coH (mp)

where _\

e valueloss: Ly (¢) = E, [ V¢ St) —— reuir

e entropy bonus: H(my) =Es[— a]s log mg(als)]

e In practice, Ay is estimated via generalized advantage estimation (GAE).
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Group Relative Policy Optimization

GRPO can be viewed as a critic-free variance of PPO:

e For each prompt g, sample a group of G responses from the old policy:
{0i}5, ~ ma,,(lg), where 0; = (0;,1,0i2,---,0;0,). Each response re-
ceives a sequence-level reward R; = R(q, 0;).

e Then GRPO defines the group-relative advantage as
i G Zg 1 R
=
G
\/ Z] 1 J é 2621 RE)

e Accordingly, the token-level probability ratio is r; . (6) =

76 (04,¢19,0i, <)
Weold (Oi,t|q70i,<t) )
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Group Relative Policy Optimization

GRPO can be viewed as a critic-free variance of PPO:

r N
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Reward i
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ibdel Value N
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A Good Reference for RL Theory

* Reinforcement Learning: Theory and Algorithms

v |l Strategic Exploration

> Multi-Armed & Linear
Bandits

* Agarwal, Brantley, Jiang, Kakade, and Sun

> Strategic Exploration in
Tabular MDPs

* In Progress

> Linearly Parameterized

MDPs
Reinforcement Learning: > Ee"‘*;a':aaﬁ‘l’l" W“; )

. ounae eliman Ran
Theory and Algorithms

v Il Policy Optimization

> Policy Gradient Methods
and Non-Convex

Alekh Agarwal Kianté Brantley Nan Jiang

Sham M. Kakade Wen Sun Optimization
> Optimality
June 27, 2026 > Function Approximation

and the Natural Policy
Gradient

https://rltheorybook.github.io > Conservative Policy

Optimization
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Part 2. One-Pass Bandits

* One-Pass Learning
* Generalized Linear Bandits
* Heavy-Tailed Linear Bandits

* Implication to RL
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Interactive Machine Learning

* Many ML systems are now interactive with environment/user...

Recommender system

OpenClaw

recommendation ! | agentic system self-driving car

* Interactive Learning: effective and efficient over long horizon
— online horizon can be very large (millions/billions of rounds), or even unbounded

— impossible to store all historical interactions (memory cost, privacy, etc).
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One-Pass Learning

» “Re-fitting” fails at scale: a standard estimator at round ¢

t—1
regularized ERM/MLE: f; € arg min 228(9) + A\Q(0).
1 N

* One-Pass Learning

Definition (One-Pass Estimator) An estimator 9, is called one-pass if there exists a
state .S; such that:

- S¢ has a fixed size of poly(d);
- St+1 = OnlineUpdate (S¢, z¢), and then discard z;;

- 0, = G (S;), and both update and computation are independent of t.

v’ per-round time/storage memory: poly , independent of

v" no historical data kept (esp. privacy issue..)
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Bandits: Estimate-Action

e LinUCB [Abbasi-Yadkori et al., NIPS 2011]

Paramter estimation + Upper Confidence Bound Selection; O(dv/T) near-optimal regret

XTHt —+ Bt—l ||X||Vt_—11

4 Construct UCB;(x) as

~

/

Parameter Estimation
Estimate 0, using
history data till ¢

e

\

/

—

-

-

X1 = argmax UCB,(x)

xeX
Stﬁnrﬂt}(t+1,
observe r;1 1 € R

~

)

J

-~

-

Learning History

(lerl)v"w(Xtart)
ry = XtTQ* + ¢

~

)

» Action: upper confidence bound

X;41 = argmax {XT(% + Be—1||x||; -2 }
XEX t—1

exploit

7 estimation error

relates to exploration

»Estimator: regularized least-square
=1
0 = argmin 63 + Y (X0 —r.)’

4SS s=1

Peng Zhao (Nanjing University)

Lecture 5. Online MDPs

68



LinUCB is Naturally One-Pass

* Linear Bandits: 6; = argmin A||]3 + Z (XJ0—rs)

a special gift of

feRd —1 quadratic loss
sufficient statistics v" Online Update v" Rank-1 Update: only cost
— T n —1 ~
Vi=Al+ ngt XX, (9t+1 — ‘/t by 9t+1 — 9t + Ky (7“75+1 X;_let)
by =3,y Ts Xy V=1 g 4= G0 P, =P — KX, Py,
by = b1 + 1 X, Ki=P_1Xe - (1+ X, P_1X;)™!

* Beyond linear bandits: More Expressivity

(i) Generalized linear bandits (i1) Heavy-tailed linear bandits
= (X, 0.) +my re=X,'0,+n,
. // Gaussian
- Linear ".'..'.Non-linear
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(D Generalized Linear Bandits

* Generalized linear reward modeling;:

]E["” ‘ L5 ‘9] — U (33T9) Logistic model: binary feedback (click/not-click, prefer/not-prefer)
- Linear: u(z) = 2 re € {0,1}, Plry=1|a =p (xj&) .
- Logistic: pu(z) =1/(1 4+ exp(—=2)) o .
- Poisson: u(z) = exp(z) logistic (Bradley—Terry) modeling 1(2) = 1/(1 + exp(—=2))

 GLM-UCSB [Filippi et al., NIPS 2010]

convex but

» Estimator: regularized maximum likelihood estimator not quadratic!

-1 l GLB(H) - logpe [Ts—l—l | Xs]
Qt = arg mm—”é’”2 + ZE GLB ), with i
. . T , 100
S s=1 é}soglstm(g) — log (1 4 e%s 0) . T3+133;r(9 L /
» Action: UCB X;;; = argmax, . {,u(xT@) + Bt_1||x||vt__11} N,

Peng Zhao (Nanjing University) Lecture 5. Online MDPs 70



(@ Heavy-Tailed Bandits

* Heavy-tailed reward modeling:

TtZXtTH*-I—Ut

Esp. data contamination/large noise * Heavy-tail: only a low-order moment is bounded (even variance unstable)
(e.g., in finance, sensor/loT data). * Sub-Gaussian: exponential tail decay = all moments are controlled

Heavy-tailed noise, with( + )-moment bounded

. . . The noise {7} is is martingale difference, and satisfies
with heavy-tailed noise {7, } that E[|n,[*% | F,_1] < v for some £ € (0, 1], v > 0,

aaaaaaaa

« HEAVY-OFUL [Huang et al., NeurIPS 2023]

> Estimator: adaptive Huber regression (reduce penalty for large deviation )

only partially
quadratic!

R A i1 zs(0)* if |2,(0)| <
0, = arg min=||0||3 + Zﬁglw(@), with £2V@) =3¢ 2 o T
oco 2 — Tolzs(0)] — 5 if [25(0)| > 7,
3 : Huber
T : :
Huber loss is defined using a threshold 7, > 0, with z4(0) = 7"_0—X0 ;
s —-T -T
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Efficiency Concerns

* Stochastic LB: least squares (closed-form solution) one-pass update
- 9 (975 V;f 11 (Zz;ll TsXs)
0, = ar mm—@ - X(9—7“3 |:l> B
Y I Zl ) Vier = A+ Y0 XX

* Generalized LB: maximum likelihood estimator

t—1 . N convex but non-quadratic loss
A LB/
0, = aregergm H9H2 * ; s The cost at round ¢

« Heavy-tailed LB: adaptive Huber regression ~_——> Computational cost: O(tlog )

Storage cost: O(t)
= argmin 10+ 32 570 e
s=1 Yy,

Question: Can Generalized/Heavy-tailed LB enjoy one-pass algorithms?

Y
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SGD for One-Pass Update?

Can we use SGD to incrementally solve MLE?

e.g., (/9\t+1 — é\t — Utvgt(gt)

» Action: upper confidence bound

X¢y1 = arg max {XTHt - e e }
XEX t—1

exploit

estimation error
relates to exploration
» Estimator: regularized least-square

=il

6 = argmin AJ0II3 + 3 (X0 —r,)

OeR? Gl
Why plain SGD is not enough? bandits need estimation for:
1) optimization error typically 1) action selection needs a “self-normalized” V,-exploration:
in the form of ||0; — 0.3 R
X (0~ 0.)| < Bullxlly -+ where V = AT + X2, ., X.XT
2) ii.d. oversamples {(xs,7s)}s<¢ 2) on-policy issue in bandits/RL

Xt — Tt (é\l) ¢ o 7575—1) ) é\t — Update(é\t—lv Xt)

no longer i.i.d., so classical guarantees are not applied

Peng Zhao (Nanjing University) Lecture 5. Online MDPs

73



Our Method: Online Mirror Descent

* OMD is a powerful framework for online regret optimization.

consider both gradient update and geometry

X;41 = arg min {7775<X7 V£ (x:)) + Dy (x, Xt)} Online Mirror Descent
xeAX * Our previous mentioned algorithms can all be covered by OMD.

. Algo. OMD/proximal form P(+) 7 REG
where Dy (x,y) = ¢/(x) — $(y) — (Vi(y), x — y) is . i -
the Bregman divergence. oo |Xer1 = agminm e VA + 5k —xilly | Lx|3 | 7 | OWT)

Sggl?glf;rc X1 = arg minm{x, Vfi(xi)) + % =l | §lxI3 | % | O(zlogT)
w(x) ’Dfl/) (XJ Y) ONS for _ . %,V £, (x2)) 1‘ - H2 1 o 1 (L oe T
Squared L diStance ||}{||2 ||X YHQ exp-concave e ar)g(er;nnm % Vi) + 2 B A 2HX”At i (7 ogT)
2" 2 o 2
- : Hedge for Xy41 = arg min (X, V £ (%, x||x4 - ey il /N V/
Mahalanobis distance HX||,24 lx—y Hi PEA |t T Rk VAG)) F KL 5 i log i/t | O(vTTog )
Negative entropy Zz CL‘?, log T i KL(XHy) Advanced Optimization (Fall 2025) Lecture 7. Online Mirror Descent 24
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Curvature-aware OMD Estimator

OMD with local norm (curvature-aware geometry matrix)

e local norm: typically choose ¢ (x) = %HXH%G e Exploitation: using g;

0i11 = Hgt [Ht —nH, 1 gt} . g = VI (6y) e Exploration: encoding H;

e curvature geometry: using a weighted rank-1 increment to keep as a state
Hi = Hy + o X X, require a careful design

e complexity: independent of ¢

rank-1 updates = time per round O(d?), memory O(d?)

v GLB: use OMD and exploit self-concordance property to design the geometry matrix.
v Hvt-LB: use OMD and adaptively adjust Huber loss regions to set the weight.
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“Selt-Normalized” Error Analysis

* OMD: from regret optimization to statistical estimation.

Lemma 1 (Mirror Descent Lemma). For Vu € X, the following inequality holds

1 n 1
fe(xe) = fe(u) < n—(D¢(u x¢) — Dy (W, x41)) + Xt IV fo(xe) |15 — EDTP(XH—hXt)
. 1 2
bevs = angamin { (0) + 510~ 0%, |
HcO n
Lemma 2. For OMD estimator, we have
1 2 1 2 1 2
o 10141 — iz, < (Vge (0r) 0 — O1) + o 10 — O, — o 10141 — 0|7,
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“Selt-Normalized” Error Analysis

 Standard regret analysis of OMD with twist yields

( )

. 1
s = argmin [ 00) + Lo~ 0i3,
= d

where g;(6) is the surrogate loss and H, is the local norm.
\ J

Lemma 2. For OMD estimator, we have

1 1

1
3y 101 = 0.7, < (Vs (6:),0 — Op1) + 3 16 = 0|7, — 3 101 = 0|7,

A proper choice of the local norm H; and the surrogate loss g.(6) become highly crucial.

Importantly: compatible with self-normalized concentration
key to address on-policy dependence (details omitted...)
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(D Generalized Linear Bandits

* OMD-based estimator: curvature-aware local norm design

~ 1
_ : 2
Or 11 = areg Ié)lm Et(‘g) T % HQ — 0, HHtv Computational Efficiency
c

N . . rr—1
£:(0) £ (V£(6:),0 — 0:) + 5110 — 0:]122, 0, Cir1 = Oy — nH; ~VE(0y),

A t—1 0¢+1 = argmin||f — Ct+1H% \ -- 2
He=Mg+) .1 V2ls(0s41) 6cO 2 Hy = Hy +nV74(0y)

Technique: self-concordance property, second-order approximation, lookahead regularizer, etc.

Theorem 3 (Estimation Error). Let the reqularization parameter A\ = 2 max{7dnR? max{3nRS,1}C,/g(7)}
and the stepsize n = 1 + RS. Then, with probability at least 1 — §, Vt > 1, we have with
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Peng Zhao (Nanjing University) Lecture 5. Online MDPs 78



(D Generalized Linear Bandits

Lemma 3. Let the stepsize n = 1+ RS and the regularization parameter X > 6nC,,RS/g(T),
then the online estimator satisfies

t
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(D Generalized Linear Bandits

Lemma 3. Let the stepsize n = 1+ RS and the reqularization parameter A > 6nC,, RS/g(7),

then the online estimator satisfies inverse regret

16141 — Q*H%It (2+2RS) (Z ly (6 Z 0541 >—— > 1165 — Ostall7r, +4AS>.

mix loss
t t t t t t
th (‘9*> — ng (‘934—1) — ng (‘9*) - st (Ps> + st (Ps) — Zés <6S—|—1)
s=t s=1 s=1 s=1 = s=1
terI;r (a) terr;lr (b)

Py =N (6,,aH; ') as a d-dimensional multivariate Gaussian distribution

ms (Ps) = —In (Egp, lexp (—¢s(0))]) mapping distribution P to a real number value
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(D Generalized Linear Bandits

t t
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s=1 s=1
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~~ ~"

term (a) term (b)

Lemma 4. Let {F;},-, be a filtration defined by F; = o ({(Xs,rs)}Z;D. Let {P;},~,

be a stochastic process such that the random variable P, is a distribution over R? and is F;-
measurable. Moreover, assume that the loss function ¢ is F;,-measurable. For any t > 1,

define
t t
L (04) = ZES (0,) and Fy = — Zln (Eemps [G—ES(G)D
s=1 s=1

Then, for any § € (0, 1], we have

>1—-0

1

Proof. M; = exp (L, (0.) — F;) —> sequence {M,;}°, is a non-negative (super)martingale
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(D Generalized Linear Bandits

Eo~p, [p(r: | X, 0)]
p (Tt \ Xt_re*)

E[Mt‘Ft]:Mt_l']E

Ft] = M4

Lemma 5. (Ville [1939]). Let {M,},- , be a supermargingle with M, > 0 almost surely for
allt > 0. Then, for any € > 0,

E|X
Pr [sup M, > 6] < Kol
teN €

Pr [sup;ey Le (0:) — F; > log 3| <My =96
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(D Generalized Linear Bandits

t t t
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Lemma 6. Setting A\ > 64daR? /7 we have
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(D Generalized Linear Bandits

Proof. ms(Ps) = —log (Egup, [e“D]) = Eoug, [6:(0)] + KL (Q,||P) =KL (Q.|IPF)  Pr(0) x Pu(6) - )

term (b1) term (b2)
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(D Generalized Linear Bandits

GLM-UCB GLB-OMD

I
L
P A . g : I R . 1 ~
MLE 0:4+1 = argm1n§||(9||2 +Z€s(9) | OMD 041 = argminé(0) + — |6 — 0|7,
e gt R bco 2n
||
|
|
|
I

Comp. cost per round O(t) Comp. cost per round O(1)
| Estimation error O (x+/dlogt) | Estimation error O (y/dlog?) %ﬁfiﬂ?

Theorem 4. With probability at least 1 — 0, the regret of GLB-OMD with parameter n = 1 + RS
and A = 2 max{7dnR* max{3nRS,1}C, /g(T)} ensures

———————— — — —

T logT

*

REGy < dSRv/S2R + log T + kd*S?R310g T(S*R 4+ 1og T),

The first one-pass GLB algorithm with (almost) optimal regret guarantee!

[ [Zhang-Xu-Z-Sugiyama, NeurIPS'25] Generalized Linear Bandits: Almost Optimal Regret with One-Pass Update.
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(D Generalized Linear Bandits
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REGr < 2v47(8)\/T/k. + R- REGr 4+ 27}2(8) <O (dSR\/SQR +logT + kd2S?R%log T (SR + log T))
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(@ Heavy-Tailed Bandits

* OMD-based estimator: curvature-aware local norm design

0. 41 = arg min { < 0.V gt(@\t )> + Dy, (6, 0, )} Somputational Efficiency
fcO l Orpr = 0 — VIV E(6;)
r(0) = L|0]|2, with V; 2 AT+ L3 XeX] 011 = arg min 0= i)

Technique: adaptively adjust the threshold/renormalized factor in Huber loss, exploit curvature of in/out-liers

Theorem 5 (Estimation error). If o, ¢, 7o are set as where w; = ——

=L\l and let the step size
Vi

o = 4, then with probability at least 1 — 46,Vt > 1, we have

~ 2T2 =
16141 — 0s]|v, < B 2107 log ——Tot TFT + V(2 +452)
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(@ Heavy-Tailed Bandits

HEAVY-OFUL Hvt-UCB
~ . oA 2 - ~ . o 1 o112
MLE 6011 = argmin—||0]|5 + 268(9) OMD 6;,1 = arg min {(9, Vi (0:)) + §||9 — 975”‘/75}
s=1

|
| |
I : |
| -
: pco 2 : : 0eO
: Comp. cost per round O(t) : :
|
| |
I : |

~ l1—e
Estimation error O (t 2(1+e) )

. S O A 4
Theorem 6. By setting o, 14, 70, vas in Lemma 1, and let X = d, 0 pin = %, —
=, with probability at least 1 — 1/T, the regret of Hvt-UCB is bounded by When v, = v, this can
T recover to optimal regret
REGr < O dT 7o Z Vi + dT= | . bound REG < O (dTl_vlte>
=i

The first one-pass algorithm for heavy-tailed linear bandits with (almost) optimal regret!

A [Wang-Zhang-Z-Zhou, ICML'25] Heavy-Tailed Linear Bandits: Huber Regression with One-Pass Update.
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Part 3. RL Implications

* Function Approximation

* RLHF
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(D Function Approximation

4 Linear Function Approximation

e Linear mixture MDPs [Ayoub et al., 2020]: P (s'|s,a) = ¢(s'|s,a) ' 7
* Linear / low-rank MDPs [Jin et al., 2020]: Py, (s'|s,a) = ¢(s,a) " u*(s"), mh(s,a) = ¢(s,a)’ 05

linearity is hard to Technically, this "linear"

i f . o MDP parametrization
satisjy in practice: arises because it can be

d General Function Approximation reduced to and solved by
stochastic linear bandits,

which is well-understood.

* Eluder dimension [Russo and Roy, 2013, Jin et al., 2021]
* Decision-Estimation Coefficient (DEC) [Foster et al., 2021]

* Admissible Bellman Characterization (ABC) [Chen et al., 2023] jl> computationally efficient

. beyond linearity?
o usually no computationally efficient algorithms provided
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MNL Function Approximation

d A new class: Multinomial Logit (MNL) function approximation
[Hwang and Oh, 2023]

Softmax Function
Probability

2.0 : 0.7
10 | o) ﬁ )| 0.2
0.1

0.1 /

MNL mixture MDPs: * ¢(s'|s,a)is the known feature mapping

V2o

X 1;&3\:%
\\\

exp (¢ (s' | s,a)' 67) o {#}/ | is the unknown transition parameter

— =
25esn,.q XP(P(5]5,0)100) Shsa=1{s €8 |PL(s'|s,a) # 0} is reachable states

Ph(‘sl ‘ S,CL) -
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Key Challenge: non-linearity

Linear mixture MDPs: P, (s'|s,a) = ¢(s'|s,a) " 05

exp ((b (s' | s, a)T 9;)
seS .. XP(0(5 ] 5,a) ' 0})

MNL mixture MDPs: P,(s'|s,a) =

Softmax Function Regularity assumption:
) infgeo P54 (0)p5,4(0) = <
is the minimum slope . Mo T
s’ _ xp(¢p(s’]s,a) 6)
/ where p87a(9) = Tucs. . op(3(]5,a)T0)
/Z Define U = MaX(p,s,a) Sh.sa =K < 1/U2.
| even two vastly different inputs in the worst case, k=1 = Q( 52)

will have much similar outputs
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MNL Mixture MDPs

* OMD for one-pass estimation

- . - S,
Ok+1.n = argergln {<V€k,h(9kz,h), 0) + % H9 — Ok,hHﬁk’h },

one-pass!

where ﬁk n=nHp, h(gk n) + Zf:ll H; h(§i+1’ ») incoporates additional second-order quantity.

Reference Model Upper Bound Lower Bound
Zhou et al. [2021] Linear mixture MDP O(dH?*?VK) Q(dH3/?V/K)
» B in the worst case,
Hwang and Oh [2023] MNL mixture MDP O(r~'dH*VK) — 4 Q(SQ>
- K —
[ Our work MNL mixture MDP O((IHQ\/F + s 1d2H2) Q((IH\/F) ]

Match the results for linear mixture MDPs except for the dependence on

| W [Li-Zhang-Z-Zhou, NeurIPS'24] Provably Efficient Reinforcement Learning with Multinomial Logit Function Approximation.
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@ RLHF

RLHF (or preference OPT): align model towards human preferences or values.

« Input: a 4-argument preference tuple (x, 4, a’, y)

- x: the prompt: “Please write a joke for me.”

- a: the first response: “Sorry, I can’t.”

- a”: the second response: | “Here is a joke for you: ..”

- y € {0, 1}: the label (human’s preference): | a’

 RLHF wants to use input to improve LLM

i.e., align LLM with human'’s preference or value (encoded in the preference data)

* Output: a fine-tuned LLM with better aligned preference
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RLHF for Alignment

* A standard pipeline of RLHF: reward modelling + PPO

(i) reward model learning (ii) policy optimization (guided by reward model)

Prompts Dataset Prompts Dataset

Reward (Preference)

Model
x: A dog is...
Train on Tuned Language \
{sample, reward} pairs Initial Language Model Model (RL Policy)
Y Y
Reinforcement Learning
Sample many prompts Update (e.g. PPO)
—
0+ VoJ(6)
Outputs are ranked
(relative, ELO, etc.)
P90 RLHF ®®0® Reward (Preference)
'd N Base Text 0@ ©e Tuned Text ®HO® Model
s Lorem ipsum dolor]| . P
Initial Language Model Sl y: a furry mammal y: man's best friend >
/ﬂ - 9 —‘ \ W, \ e J

adipiscing elit. Aen|
Donec quam felis S
vulputate eget, arc| = ‘

Nam guam nunc

IARNY

ler:ts fa:c‘ib:s Ti:zir Human Scoring [: — Ak Dk (Trppo (yl:):) H 'n'base(ykc)) 5@
uctus pulvinar,
\ 7 KL prediction shift penalty ’
Generatedtext )
ro(y|T)
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Online RLHF

General Framework of Online RLHF

1: New data collection: samplea tuple , , ,obtain the preference label

expand the dataset: ., = C

2. Reward Modeling: Train reward model .; based on dataset 4

3: Policy Optimization: Update the policy +; using the learned reward model 4;

dataset

reward olicy
) :
modelmg Reward Model ©Optimization Policy Model

+1 =l

( ) | <% L <L
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Reward Model Learning

* How to model the underlying reward based on observed data?

Definition 1 (Bradley-Terry Model). Given a context x € X and two actions a,a’ € A,
the probability of the human preferring action a over action a’ is given by

exp (1 (x,a))
exp (r (z,a)) + exp (r (z,a’))

Pa>=ad |x)=

where r is the latent function.

* Reward Modeling: Maximum Likelihood Estimation (MLE)

Define feature difference: z; = ¢ (z¢,a) — ¢ (x4, a}) , .
¢ At iteration :

0¢+1 = argmin Z ls(0), per-round time: log ,

OcR4 s=1 '
where £,(0) = —ylog (o (2 0)) — (1 — y)log (1 — o (2, 0)) storage memory:
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Deploying bandits techniques

* Linear reward model assumption

BT del 0w d | 7) = exp (qb(az,a)T@*)
(ora) = Bwa) T8 | ) S S a0+ exp (00 )

* ¢(z,a) is the known feature mapping

* (* is the unknown parameter

* Contextual dueling bandits

Ateachroundt=1,2,---
Plor=1)=p ((Xt ~ve)' 9*) f
(1) the learner first chooses two arms x;,y; € X C R 1
zZ)] =
(2) and then environment reveals a preference feedback o;. ulz) 1+ exp(—2) /
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One-Pass Reward Modeling

* OMD for one-pass estimation
Define gradient and Hessian:  ¢:(0) = (U (ZtT@) - yt) z, Hi(0)=o0 (z;rﬁ) 22,

§t+1 = arg min {<gt(§t)7 9> + %HH — gtH?]:L }, where ﬁt — ZZ;% Hz(é;_|_1) + ﬁHt(at) + M.
0€O ’

constant time and storage cost, ' look-ahead second-order
independent of t one-pass: local norm approximation

Estimation error Regret bound

. 5(a/T) | :
10— Oellze, < O(V(log(t/6))?) RegTSO(d R)

(a) training loss (b) evaluation accuracy

| [ [Li*-Qian*-Z-Zhou, NeurIPS'25] Provably Efficient Online RLHF with One-Pass Reward Modeling.
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Summary

J How to do interactive learning without revisiting history with guarantee?
4 One-Pass Bandits

* Beyond linear bandits: For non-quadratic loss, MLE doesn’t enjoy the one-pass property
* Generalized linear bandits: exploit the self-concordance property of the link function

* Heavy-tailed linear bandits: adaptively set Huber threshold to adjust curvatures such that
outliers fall in the linear region, while normal data remain in the quadratic region

Jd OMD Estimator

* Online Mirror Descent as a statistical estimator, where the curvature-aware adaptivity is

crucial for the local norm design; similar to “from SGD to AdaGrad/Adam”

d RL Implications
* RL with function approximation: MNL mixture MDPs (related to GLB)
* RLHF: Bradley-Terry model naturally relates to logistic bandits, etc.
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