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Online Learning and Bandit Problems with Applications to Revenue Management

Abstract:

oMulti—armed Bandit Framework

©The Upper Confidence Bound (UCB) Method

oElementary Improvements for Both Regret Minimization and Pure Exploration Settings
©The Law—of-Iterated-Logarithm UCB Algorithm

oLinear Contextual Bandits

oGeneralized Linear Models and Generalized Linear Contextual Bandits

oDynamic Assortment Optimization and the Multilinear Logit Bandit Problem

o(If Time Permits) Zeroth Order Convex Optimization
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Outline

* Interactive Learning
* One-Pass Bandits

* RL Implications

* Summary
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Interactive Machine Learning

* Many ML systems are now interactive with environment/user...

Recommender system

OpenClaw

recommendation ! | agentic system self-driving car

* Interactive Learning: effective and efficient over long horizon
— online horizon can be very large (millions/billions of rounds), or even unbounded

— impossible to store all historical interactions (memory cost, privacy, etc).
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One-Pass Learning

» “Re-fitting” fails at scale: a standard estimator at round ¢

t—1
regularized ERM/MLE: f; € arg min 228(9) + A\Q(0).
1 N

* One-Pass Learning

Definition (One-Pass Estimator) An estimator 9, is called one-pass if there exists a
state .S; such that:

- S¢ has a fixed size of poly(d);
- St4+1 = OnlineUpdate (S, z;), and then discard z,;

- 0, = G (S;), and both update and computation are independent of t.

v’ per-round time/storage memory: poly( ), independent of
v" no historical data kept (esp. privacy issue..)
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Bandits: Interactive Learning

* Bandit is “single-step” decision version of Reinforcement Learning
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Bandits

d Multi-armed bandits: a simplest formulation for bandit problems

Ateachroundt=1,2,---

.6 e| ©6 e| 6 e © |\e
(1) player first chooses an arm a; € [K]|; %J J J J
(2) environment reveals a reward r;(a;) ~ distribution D, ;

(3) player updates the strategy by the pair (a;, r¢(a:)). * Exploitation: pull the best arm so far

* Exploration: try other arms that may be better

d Linear Bandits: context matters (especially important for ML)

Tt(x) =z'6, + Mt

—each arm is with a feature (context) vector z;

—reward paramterized by an unknown parameter 6,;

. . . . .  Example: book recommendation
— with random noise: 7; is sub-Gaussian noise g

e Feature: Each arm is a book w. side information
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Linear bandits for RL Theory

Function Approximation

P, @ls) vy (S))

g
h.c

a technique with huge success
(especially by involving DNN), crucially
useful for the AlohaGo’s success

Peng Zhao (Nanjing University)
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Bandits: Estimate-Action

 LinUCB [Abbasi-Yadkori et al., NIPS 2011]
Paramter estimation + Upper Confidence Bound Selection; O(d+/T) near-optimal regret

XTHt —+ Bt—l ||X||Vt_—11

4 Construct UCB;(x) as

~

/

Parameter Estimation
Estimate 0, using
history data till ¢

e

~

/

—

-

-

X1 = argmax UCB,(x)

xeX
Stﬁnrﬂt}(t+1,
observe r;1 1 € R

~

)

J

-~

-

Learning History
(lerl)v ceey (Xt,Tt)
Tt = XtTQ* + M

~

)
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One-Pass Bandit Learning

» Action: upper confidence bound

X;41 = argmax {XT(% + Be—1||x||; -2 }
XEX t—1

exploit

7 estimation error

relates to exploration

»Estimator: regularized least-square
=1
0 = argmin 63 + Y (X0 —r.)’

fER? s=1

10



LinUCB is Naturally One-Pass

 Linear Bandits: 6 = argmin\||9|[3 + Z (X760 —ry)

a special gift of

0 eR? —1 quadratic loss
sufficient statistics v" Online Update v Rank-1 Update: only ( ) cost
_ T 1 ~ ~ Iy
Vi=Al+ ) o Xs X, 9t+1 =V, b Ory1 = 0 + Kiy1 (re41 — XtTH@t)
be = i s Xy Vi =Vii + X X, Py=P,1— KX, Py,
by = b1 + 1 X, Ki=P_1Xe - 1+ X, P_1X;)7 !

* Beyond linear bandits: More Expressivity

(i) Generalized linear bandits (ii) Heavy-tailed linear bandits
= u(X,"0,) +n re = X, 0 +
. // Gaussian
- Linear . .'..:Non-linear

Peng Zhao (Nanjing University) One-Pass Bandit Learning 11



(D Generalized Linear Bandits

* Generalized linear reward modeling:

]E[’I“ \ T; 9] = U (HZTQ) Logistic model: binary feedback (click/not-click, prefer/not-prefer)

- Linear: u(z) = 2 re € {0,1}, Plry=1|a =p (xj&) .
- Logistic: pu(z) =1/(1 4+ exp(—=2))

- Poisson: () = exp(2) logistic (Bradley—Terry) modeling 1(2) = 1/(1 4 exp(—=2))

* GLM-UCB [Filippi et al., NIPS 2010]

convex but

» Estimator: regularized maximum likelihood estimator not quadratic!

t—1 ¢ CEB(0) = —log Py [reqt | X]
Qt = arg mm—”é’”2 + ZE GLB ), with i
. . T , 100
S s=1 égoglstm(g) — log (1 4 e%s 0) . T3+1£13;r(9 L /
» Action: UCB X;;; = argmax, . {,u(xT@) + Bt_1||x||vt__11} N,

Peng Zhao (Nanjing University) One-Pass Bandit Learning 12



(@ Heavy-Tailed Bandits

* Heavy-tailed reward modeling:

TtZXtTH*-I—Ut

Esp. data contamination/large noise * Heavy-tail: only a low-order moment is bounded (even variance unstable)
(e.g., in finance, sensor/loT data). * Sub-Gaussian: exponential tail decay = all moments are controlled

Heavy-tailed noise, with( + )-moment bounded

. . . The noise {7} is is martingale difference, and satisfies
with heavy-tailed noise {7, } that E[|n,[*% | F,_1] < v for some £ € (0, 1], v > 0,

aaaaaaaaa

* HEAVY-OFUL [Huang et al., NeurIPS 2023]

> Estimator: adaptive Huber regression (reduce penalty for large deviation )

. D Pt , z(0)" if [2,(0)] < 7.
0; = argmin—||0||5 + g 0.V4(0), with £2M(0) = ¢ 2 P -
oco 2 — Tolzs(0)] — 5 if [25(0)| > 7,

TS—X;_Q

Os

Huber loss is defined using a threshold 7, > 0, with z4(0) =

Peng Zhao (Nanjing University) One-Pass Bandit Learning
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Efficiency Concerns

* Stochastic LB: least squares (closed-form solution) one-pass update
. ) 6: = Vi (ZZ; "“sXs)
0, = ar mm—@ - X@—TS |:l> B
t ege]Rd | ||2 sz:l ) Vt—1:)\f‘|‘Zi:;1LXsX;r
* Generalized LB: maximum likelihood estimator
t—1 Lo g N convex but non-quadratic loss
0, = aregergm— 0112 + ; s The cost at round ¢

« Heavy-tailed LB: adaptive Huber regression > Computational cost: O(tlog T

Storage cost: O(t)
0, = arg mm— ||9||2 Z (6 infeasible!
e - )

Question: Can Generalized/Heavy-tailed LB enjoy one-pass algorithms?

Y

Peng Zhao (Nanjing University) One-Pass Bandit Learning 14



SGD for One-Pass Update?

Can we use SGD to incrementally solve MLE?

e.g., (/9\t+1 — é\t — Utvgt(gt)

Why plain SGD is not enough? bandits need estimation for:

» Action: upper confidence bound
X¢y1 = arg max {xTé\t - e e }
xeX t—1
exploit

estimation error
relates to exploration
» Estimator: regularized least-square
=il
0y = argmin |03 + > (X0 - o)

OcR4 s=1

1) optimization error typically 1) action selection needs a “self-normalized” V,-exploration:

in the form of ||§t — 0|3 ~
xT (0, - 6.)

< Billx|ly— where V; = AT + 3, ., X, X[

2) ii.d. oversamples {(xs,7s)}s<¢ 2) on-policy issue in bandits/RL

Peng Zhao (Nanjing University) One-Pass Bandit Learning

Xt — Tt (é\la ¢ o 7@—1) ) é\t — Update(é\t—let)

no longer i.i.d., so classical guarantees are not applied
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Our Method: Online Mirror Descent

* OMD is a powerful framework for online regret optimization.

consider both gradient update and geometry Online M D ¢
nline Mirror Descen

* Our previous mentioned algorithms can all be covered by OMD.

Xt41 — arg I}(lin {m(‘x, Vft(Xt)> T Dw(X,Xt)}
XeE

Algo. OMD/proximal form P(+) us REGr

. 1 f
OGDfor | | — arg minn:(x, Vi (x:)) + 5 lIx = xlly | Lx12 | & OWT)

P 1 convex xeX
where Dy (x,y) = $(x) — ¢(y) — (Vi(y), x —y) is = —
the Bregman divergence. strongly c. | = MBI VAG) 45 [kl | JxIE | 3 | O logT)
msonone X641 =W TACs0) + 5 [x x| I, | 3| O logT)
x Dy(x
w( ) w( i Y) Hegngor X1 = argein?nﬁﬂxavft(xt)) + KL(x|[x¢) ]XV: z;log z;|\/ 2~ | O(/Tlog N)
Squared Lo-distance |x|3 |x — y||3 - =
. . 2 2 Advanced Optimization (Fall 2025) Lecture 7. Online Mirror Descen 24
Mahalanobis distance x| Ix -yl p : t
Negative entropy > iwilogz;  KL(x[ly) More details of OMD can be found in Lecture 7 of

Advanced Optimization Course 2025 Fall
https://www.pengzhao-ml.com/course/AOpt2025fall/
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Curvature-aware OMD Estimator

OMD with local norm (curvature-aware geometry matrix)

e local norm: typically choose 1 (x) = 3|x||%,
041 = HgtH 6, — 77Ht_+11gt] , gt = VI(0:)

e curvature geometry: using a weighted rank-1 increment to keep as a state
Hi = Hy + o X X, require a careful design

e complexity: independent of ¢

rank-1 updates = time per round O(d?), memory O(d?)

v GLB: use OMD and exploit self-concordance property to design the geometry matrix.
v Hvt-LB: use OMD and adaptively adjust Huber loss regions to set the weight.

Peng Zhao (Nanjing University) One-Pass Bandit Learning 17



“Self-Normalized” Error Analysis

 Standard regret analysis of OMD with twist yields

4 )

. 1
s = argmin [ 00) + Lo~ 0i3,
= d

where g;(6) is the surrogate loss and H, is the local norm.

\_ J

Lemma 1. For OMD estimator, we have

1 1

1
21 642 = 9*‘@*5 < (Ve (64) 00 — 0.) + 2 16 — 9*”?{75 T2 [0r4+1 — HtHiIt

A proper choice of the local norm H, and the surrogate loss g.(6) become highly crucial.

Importantly: compatible with self-normalized concentration
key to address on-policy dependence (details omitted...)

Peng Zhao (Nanjing University) One-Pass Bandit Learning 18



(D Generalized Linear Bandits

* OMD-based estimator: curvature-aware local norm design

~ 1
_ : 2
Or 11 = areg Ié)lm gt(‘g) T % HQ — 0, HHtv Computational Efficiency
c
» . o r7—1
Et(H) A <v£t<9t>a 0 — 9t> T %He . (975”2V2£t(0t) Ct—|—1 — Ht nHt Vft((gt),
_ 0 = arg min||f — 2 -
Hy 2 Mg+ Zizll V205 (0s11) o ege@ | CtH”Ht» H, = H, +nV?4,(6,)

Technique: self-concordance property, second-order approximation, lookahead regularizer, etc.

Lemma 1 (Estimation Error). Let the reqularization parameter A\ = 2 max{7dnR? max{3nRS,1}C,/g(7)}
and the stepsize n = 1 + RS. Then, with probability at least 1 — §, Vt > 1, we have with

10, —0;|| 7, < B(8) = 4/4AS2 + 2n1n ! + 6dn? In 2+2CMt =0 | SRy/d 52R+logE :
J Ag(T) 0

Peng Zhao (Nanjing University) One-Pass Bandit Learning 19




(D Generalized Linear Bandits

GLM-UCB GLB-OMD

I
L
P A . g : I R . 1 ~
MLE 0:4+1 = argm1n§||(9||2 +Z€s(9) | OMD 041 = argminé(0) + — |6 — 0|7,
e gt R bco 2n
||
|
|
|
I

Comp. cost per round O(t) Comp. cost per round O(1)
| Estimation error O (x+/dlogt) | Estimation error O (y/dlog?) %’:"j;\};if\?

Theorem 2. With probability at least 1 — 0, the regret of GLB-OMD with parameter n = 1 + RS
and A = 2 max{7dnR* max{3nRS,1}C, /g(T)} ensures

———————— — — —

T logT

*

REGy < dSRv/S2R + log T + kd%2S?R3log T(S?R + log T),

The first one-pass GLB algorithm with (almost) optimal regret guarantee!

[ [Zhang-Xu-Z-Sugiyama, NeurIPS'25] Generalized Linear Bandits: Almost Optimal Regret with One-Pass Update.

Peng Zhao (Nanjing University) One-Pass Bandit Learning 20



(@ Heavy-Tailed Bandits

* OMD-based estimator: curvature-aware local norm design

0. 41 = arg min { < 0.V gt(@\t )> + Dy, (6, 0, )} Somputational Efficiency
fcO l Ori1 = 0, — V.7 IV0(6))
r(0) = L|0]|2, with V; 2 AT+ L3 XeX] 011 = arg min 0= i)

Technique: adaptively adjust the threshold/renormalized factor in Huber loss, exploit curvature of in/out-liers

1

Lemma 1 (Estimation error). If o4, 7, 79 are set as where w; = Ta Xt

=L\l and let the step size o = 4,

O¢ —
Vt—l

then with probability at least 1 — 46,Vt > 1, we have

~ 272 e
10¢+1 — Oullv, < B = 1071og TTOtQ(l”s) + VA (2 +45?)

Peng Zhao (Nanjing University) One-Pass Bandit Learning 21



(@ Heavy-Tailed Bandits

HEAVY-OFUL Hvt-UCB
~ . oA 2 - ~ . o 1 o112
MLE 6011 = argmin—||0]|5 + 268(9) OMD 6;,1 = arg min {(9, Vi (0:)) + §||9 — 975”‘/75}
s=1

|
| |
I : |
| -
: pco 2 : : 0eO
: Comp. cost per round O(t) : :
|
| |
I : |

~ l1—e
Estimation error O (t 2(1+e) )

. S O A 4
Theorem 4. By setting o, 7¢, 7o, aas in Lemma 1, and let X = d, o in = %, =
=, with probability at least 1 — 1/T, the regret of Hvt-UCB is bounded by When v, = v, this can
T recover to optimal regret
REGr < O dT 7 Z Vi + dT=59 | . bound REG < O (dTl_vlte>
t=1

The first one-pass algorithm for heavy-tailed linear bandits with (almost) optimal regret!

A [Wang-Zhang-Z-Zhou, ICML'25] Heavy-Tailed Linear Bandits: Huber Regression with One-Pass Update.

Peng Zhao (Nanjing University) One-Pass Bandit Learning
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RL Implication 1. Function Approximation

d Linear Function Approximation

« Linear mixture MDPs [Ayoub et al., 2020]: Pr(s'|s,a) = ¢(s'|s,a) ' 6;
* Linear / low-rank MDPs [Jin et al., 2020]: Py (s'|s,a) = ¢(s,a) " u*(s'),7h(s,a) = ¢(s,a) " 05

linearity is hard to Technically, this "linear"

satisfy in practice! MDP parametrization
PIVIn P Ice: arises because it can be

0 General Function Approximation reduced to and solved by
stochastic linear bandits,

Eluder dimension [Russo and Roy, 2013, Jin et al., 2021] which is well-understood.

Decision-Estimation Coefficient (DEC) [Foster et al., 2021]
Admissible Bellman Characterization (ABC) [Chen et al., 2023] j|>

° ... usually no computationally efficient algorithms provided

Peng Zhao (Nanjing University) One-Pass Bandit Learning 23



MNL Function Approximation

J A new class: Multinomial Logit (MNL) function approximation [Hwang and Oh, 2023]

Softmax Function
Probability

2.0 : 0.7
1.0 | m==) ﬁ > | 0.2

0.1 / 0.1

MNL mixture MDPs: * ¢(s'|s,a) is the known feature mapping

(J
. //4%\
e 7 e\
N 7 <= S

exp (6 (s' | s,a)' 0;) o {#}H . is the unknown transition parameter

sesn .. eXP(0(5 | 5,a)16})

Pp(s" [ s,a) =
* Shsa=1{s €8 |Py(s'|s,a) # 0} is reachable states

Peng Zhao (Nanjing University) One-Pass Bandit Learning 24



Key Challenge: non-linearity

Linear mixture MDPs: Py, (s'|s

MNL mixture MDPs:

Softmax

Function

fs the minimum slope

4
02
L 0.0
-4 2 0

Prn(s’ | s,

,a) = ¢(s'|s,a) "0}

exp ((b (s' | s, a)T 9;)
seS .. XP(0(5 ] 5,a) ' 0})

a) =

Regularity assumption:
infoeo p3.q(0)p5,a(0) > 5

Y gy — _ exp(g(s']s,a)T6)
where p} o(6) = 50" (@Gl T

even two vastly different inputs in the worst case, k1 — Q( 52)

will have much similar outputs

Peng Zhao (Nanjing University)

Define U = MaX(p,s,a) Sh.sa =K < 1/U2.

One-Pass Bandit Learning

25




MNL Mixture MDPs

* OMD for one-pass estimation

— : 1 -
Ok+1.n = argergm {<ka,h(9k,h), 0) + T He — ek’hH G }, one-pass! %

~

where ﬁk n = nHy, h(gk )+ Zf:ll H; 1,(0;4+1,5) incoporates additional second-order quantity.

Reference Model Upper Bound Lower Bound
Zhou et al. [2021] Linear mixture MDP (5((1H3/2\/K) Q((IHB/")\/F)
— in the worst case,
Hwang and Oh [2023]  MNL mixture MDP O(r 'dH?*VK) — L= Q(S?)
[ Our work MNL mixture MDP (5((1H2\/F + k~1d?H?) Q(([H\/F) J

Match the results for linear mixture MDPs except for the dependence on

[ [Li-Zhang-Z-Zhou, NeurIPS’24] Provably Efficient Reinforcement Learning with Multinomial Logit Function Approximation.
Peng Zhao (Nanjing University) One-Pass Bandit Learning 26



RL Implication 2. RLHF

RLHEF (or preference optimization): align model towards human preferences or values.

 Input: a 4-argument preference tuple (x, a, a’, y)

x: the prompt: “Please write a joke for me.”

a: the first response: “Sorry, I can’t.”

a’: the second response: | “Here is a joke for you: ..”

y € {0, 1}: the label (human’s preference): | g’

 RLHF wants to use input to improve LLM

i.e., align LLM with human’s preference or value (encoded in the preference data)

* Output: a fine-tuned LLM with better aligned preference

Peng Zhao (Nanjing University) One-Pass Bandit Learning 27



RLHF for Alignment

* A standard pipeline of RLHF: reward modelling + PPO

(i) reward model learning

Prompts Dataset

Sample many prompts

L

Train on

{sample, reward} pairs

7
Initial Language Model

Reward (Preference)
Model

-0

text

Outputs are ranked
(relative, ELO, etc.)

Lorem ipsum dolor|
sit amet, consecte
adipiscing elit. Aen|
Donec quam felis
vulputate eget, arc|
Nam quam nunc

eros faucibus tinci

luctus pulvinar, her

=4

Human Scoring

AN

Generated text

Peng Zhao (Nanjing University)

|

Prompts Dataset

x: Adogis...

{ Tuned Language )

Initial Language Model Model (RL Policy)

/878,

i

Reinforcement Learning
Update (e.g. PPO)

0« 0+ VyJ(0)

000 RLHF ®00®

BaseText oo oo Tuned Text ®®®® Model

Reward (Preference)

y: a furry mammal y: man’s best friend >
\, J \ /
\k<>\
=XKL Dk (Tpro (U]T) || Thase(y]2)) Y
KL prediction shift penalty ’
ro(y|T)

One-Pass Bandit Learning

(ii) policy optimization (guided by reward model)

28



Online RLHF

General Framework of Online RLHF

1: New data collection: sample a tuple ( , , ), obtain the preference label

expand the dataset: .1 = C, ., )

2. Reward Modeling: Train reward model .; based on dataset 4

3: Policy Optimization: Update the policy +; using the learned reward model 4;

dataset d
R rewar policy
— modelmg Reward Model ©Optimization Policy Model
a(, ) ()

( ) | <% 1 <R

Peng Zhao (Nanjing University) One-Pass Bandit Learning 29



Reward Model Learning

* How to model the underlying reward based on observed data?

Definition 1 (Bradley-Terry Model). Given a context z € X and two actions a,a’ € A,
the probability of the human preferring action a over action a’ is given by

exp (1 (x,a))
exp (r (z,a)) + exp (r (z,a’))

P(a>=a |x)=

where r is the latent function.

* Reward Modeling: Maximum Likelihood Estimation (MLE)

Define feature difference: z; = ¢ (x¢,a:) — ¢ (x4, a}) . .
¢ At iteration :

0¢+1 = argmin Z l5(0), per-round time: ( log ),

ocRd 4 .
where (,(0) = —y; log (o (2, 0)) — (1 —y;) log (1 — o (2, 0)) storage memory: ()
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Deploying bandits techniques

* Linear reward model assumption

r(z,a) = ¢(z,a) 6*

BT model

exp (qb(az, a)T@*)

Pa>=ad |z)=

* Contextual dueling bandits

* (* is the unknown parameter

> exp (¢(z,a) " 0%) + exp (¢(z,a’) 1 0%)

* ¢(z,a) is the known feature mapping

Ateachroundt=1,2,---

(1) the learner first chooses two arms x;,y; € X C R

(2) and then environment reveals a preference feedback o;.

10
08
06
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One-Pass Reward Modeling

* OMD for one-pass estimation
Define gradient and Hessian:  ¢:(0) = (U (ZtT@) - yt) z, Hi(0)=o0 (z;rﬁ) 22,

§t+1 = arg min {<gt(§t)7 9> + %HQ — gtH?]:L }, where ﬁt — ZZ;% Hz(gﬁ_l) + nHt(at) + M.
0€O ’

constant time and storage cost, ' look-ahead second-order
independent of t one-pass: local norm approximation

Estimation error Regret bound

. 5(a/T) | :
10— Oellze, < O(V(log(t/6))?) RegTS(?(d R)

(a) training loss (b) evaluation accuracy

A [Li*-Qian*-Z-Zhou, NeurIPS'25] Provably Efficient Online RLHF with One-Pass Reward Modeling.
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Summary

J How to do interactive learning without revisiting history with guarantee?
d One-Pass Bandits

* Beyond linear bandits: For non-quadratic loss, MLE doesn’t enjoy the one-pass property
* Generalized linear bandits: exploit the self-concordance property of the link function

* Heavy-tailed linear bandits: adaptively set Huber threshold to adjust curvatures such
that outliers fall in the linear region, while normal data remain in the quadratic region

Jd OMD Estimator

* Online Mirror Descent as a statistical estimator, where the curvature-aware adaptivity is

crucial for the local norm design; similar to “from SGD to AdaGrad/Adam”

J RL Implications
* RL with function approximation: MNL mixture MDPs (related to GLB)
* RLHF: Bradley-Terry model naturally relates to logistic bandits, etc.
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