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Bandits: Interactive Learning

1 Multi-armed bandits: a simplest formulation for bandit problems

Ateachroundt=1,2,---

(1) player first chooses an arm a; € [K];

(2) environment reveals a reward r;(a;) ~ distribution D,,;

(3) player updates the model by the pair (a¢, r:(at)).

The goal is to minimize the regret : Exploration-Exploitation tradeoff
* Exploitation: pull the best arm so far
N
Reg; max K 2; ; ri(ac) * Exploration: try other arms that may be better

i.e., difference between the cumulative reward of the best arm and that obtained by the bandit algorithm
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Bandits: Interactive Learning

* Bandit is “single-step” decision version of Reinforcement Learning

action a;
Reinforcement learning;:

* Sequential decision making
« With state transition

| . e
\\ A Jstate transition
A St+1 < St

\

Bandits:

agent environment

 Single-step decision making

* No state transition

reward r (s, az)

Peng Zhao (Nanjing University)
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Linear Bandits: Context Matters

4 Linear Bandits:
Example: book recommendation

e
Tt (m ) =z 0.+ Tt  Each arm is a book with side information;
* Arm set could be very large or even infinite.

- each arm is with a feature (context) vector

Reinforcement Learning NONLINEAR

and Optimal Control

PROGRAMMING

\
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— A T —I_ $13.03 shipping $14.19 shipping $80.00
« Regret measure: Rt = maxx 0, — X, 0,
L]
XE X t

« LinUCB: first estimate the parameter, then construct UCB to select the arm [Abbasi-Yadkori et al., NIPS'11]

jl> Linear bandit serves as the most basic structural bandit problem, also acts as the
fundamental tool to analyze RL/control theory, particularly about function approximation
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LinUCB Alg() rithm [Abbasi-Yadkori et al., NIPS 2011]

* Least-Square parameter estimation + Upper Confidence Bound Selection

Construct UCB;(x) to ensure that I:> X1 = argmax, .y UCBy(x)
n(x) =x'60, < UCBy(x) @
£ 7iy(%) + Br1[xlly |
a Submit Xt_|_1,
ﬁ observe r;11 € R

\ U

re = X, 0.+ Learning History
l (X1,71), 0y (X, 7t)

4 Regularized Least Square Estimator

0 = argmingega AIOII3 + X051 (X0 -7.)" |¢

AN

\_ pie(X) = XTat -
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LinUCB Alg() rithm [Abbasi-Yadkori et al., NIPS 2011]

* Regularized least-square Estimator

t—1

f, = arg min \||0]|2 + Z X/!6-— rs)2
fcRd

> Closed form: 6, = V, by

Vit EM+ YT X X T b 23T X

v’ Statistical property:

X7 (0~ 6.)

< Be-allx[ly-»  UCB

> Rr < O(dVT)

Bi—1 < O (log(t — 1))

Peng Zhao (Nanjing University)

“one-pass” incremental update
é\t_|_1 = Vt_lbt, where
Vi=Vi+ X X
by = b1 + 1 X,

further using rank-1 update, only 0(d?) cost

é\t+1 = é\t + Ky (Tt+1 — Xt_]_—|_1§t)
P,=P_1 - KX, P4
P 1Xy
1+ X,P_ 1 X,

Kt:




Beyond Linear Bandits: More Expressivity

(i) Generalized linear bandits
re = (X, 0.) +my

Linear Non-linear

(ii) Heavy-tailed linear bandits
Tt = Xt—re* + Mt

Goal: computationally efficient (better “one-pass”) algorithm with optimal regret

E [Wang-Zhang-Z-Zhou, ICML'25] Heavy-Tailed Linear Bandits: Huber Regression with One-Pass Update.
E [Zhang-Xu-Z-Sugiyama, arXiv'25] Generalized Linear Bandits: Almost Optimal Regret with One-Pass Update.
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(D GLB: Problem Formulation

Generalized Linear Bandits

Ateachroundt=1,2,---

(1) the player first chooses an arm X; from arm set &X’;

(2) and then environment reveals a reward r; € R.

A Generalized linear reward function: r, = (X, 0.) + n;

Examples: logistic bandit Lo
“not click”) w.p. u(X,' 0. =1 %,

. — 0 (“n(.)t (7:, ick”) p- (X 6) 1(z) rop () 5
1 (“click”) otherwise N
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(D GLB: Existing Algorithm

* GLM-UCB Algorithm [Filippi et al., NIPS 2010]

> Estimator: maximum likelihood estimator
t—1

~ . A :
0, = arg Igln§||9||§ + > £S(0), with ¢,5VB(9) = —log Py (7541 | Xs)
= s=1
: : ~ k The non-linear term k,, /c,, can be
. T T p e
: 0;) — 0.) < L5, 1
Estimation error ‘u(x 1) — p(x 0y < - By 1HXHVt_1 as large as O(c5)!
> Arm selection: upper confidence bound | ™ T
X; = arg max {,u(x 0:) + Be—1]|x]|y - } oo
xeX t—1 i n
0 x'6
Regret bound: 5 (B gy
egret bound: REGr <O C—d T There are recent works using “warm-up”
7 . .
Il -
“ Note: ¢ < p(2) < k. € [, to remove k, but is still not one-pass
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(2 Hvt-LB: Problem Formulation

e Linear reward with sub-Gaussian noise r; = X,' 6, +n;

Assumption 1 (sub-Gaussian noise). The noise 7, is conditionally R-
sub-Gaussian for some R > 0 i.e.

A\ R?
VA € RvE [eXp (Ant) ‘ Xl:tﬂ?l:t—l] S exXp ( 9 ) .

* Linear bandits with heavy-tailed noise

In many scenarios,
the noise can be
heavy-tailed |

Assumption 2 (heavy-tailed noise). The noise {7;, F;} is is martingale
difference (E [n; | F:—1] = 0), and satisfies that for some ¢ € (0, 1], v, > 0,

E {|77t‘1+€

‘/T"t_l} S V3+8.

aaaaaaaa
Heavy-tailed

Peng Zhao (Nanjing University)
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(@ Hvt-LB: Existing Algorithm

* HEAVY-OFUL Algorithm [Huang et al., NeurIPS 2023]

» Estimator: adaptive Huber regression
=1

~ A
0, = argminZ[6]3 + 3 £(6)
bco 2 g
Estimation error: ét_|_1 — 0, y < O (t 2<11_+€s>)

» Arm selection: upper confidence bound

X; = arg max {XT@; + Be—1||x||y, -2 }
xEX t—1

Regret bound: REGy < O (dTﬁ)

Peng Zhao (Nanjing University)

Huber loss is defined using a threshold 7, > 0,

2:(0)2 .
Ze(8) if |2(0)| < 7,

Tolzs () — T i |25(0)] > 7.,

o - |

with z,(0) = =X 0

Os

Squared loss

Huber loss

reduce penalty for
large deviation

—————————————
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Efficiency Concerns

* Stochastic LB: least squares (closed-form solution) one-pass update
T 9 915 Vi_ 11 (Zi;i TsXs)
0, = ar mm—@ -+ X@—TS ::> B
C e 2 o1 Zl ) Vin = M+ 300 XX,/

* Generalized LB: maximum likelihood estimator

i1 N inefficiency due to non-quadratic loss
0, = arg mm—||6’||2 + Z€ GLB (g
=C — The cost at round ¢

« Heavy-tailed LB: adaptive Huber regression ~C_—> Computational cost: O(tlog T)

o Storage cost: O(t)
0, —argmln—|]9||2—|—25 v %{%,
0cO s—1 p

Question: Can Generalized/Heavy-tailed LB enjoy one-pass algorithms?

Peng Zhao (Nanjing University) 14
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Online Mirror Descent (OMD)

* OMD is a powerful online learning framework to optimize regret.

. A Summary of OMD Deployment
St arg er;;'lln {nt <X7 vft (Xt >> T Dw (X7 Xt) } * Our previous mentioned algorithms can all be covered by OMD.
where D, (x,y) = ¥(x) —¥(y) — (V(y),x —y) is Algo. OMD/proximal form w() | m | Regrety
the Bregman divergence. OCDLr |y, — g minnx V) + S} | Il | % | oD
o |xuss = ang minm e VAG0) + 5 x| | & | O s
. L. . . ONSfor |\ = arg minn.fx, VAiGx) + 5 Ix —x% | I3, | 2 | O(21ogT)
We here use OMD as a statistical estimation tool! opconcvel  wer N

Hegngor Kot = atg minm(x, Vo) +KL(x ) ; 2slog il /52X | O(yTTog )
Advanced Optimization (Fall 2020 Lecture 5, Online Mirror Descent "

v' GLB: use OMD and exploit self-concordance property to

achieve one-pass estimator with desired statistical error
More details of OMD can be found in Lecture 6 of

v Hvt-LB: use OMD and adaptively adjust Huber loss regions Advanced Optimization Course 2024 Fall
to achieve one-pass estimator with desired statistical error https://www.pengzhao-ml.com/course/AOpt2024fall/
16
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Online Mirror Descent (OMD)

A general template of OMD estimator:

. 1
Ot+1 = argmin {gt(ﬁ) + Q—HH - etHi&t}
0€O g

where ¢;(0) is the surrogate loss and A; is the local norm.

* Analysis: standard regret analysis of OMD with twist yields

Lemma 1. For OMD estimator, we have

1 1

1
o 16,51 — 9*”?415 < (Vg (0:),0, — 0,) + o 10; — H*Hit "o 10t +1 — 975\‘12475

A proper choice of the local norm A, and the surrogate loss g;(0) become highly crucial.

Peng Zhao (Nanjing University) 17



(D) Generalized Linear Bandits

* OMD-based estimator: curvature-aware local norm design

Ory1 = areg Igin 0(0) + 2_ 16 — HtH%{t, Computational Efficiency
<

13 _pn 11
&(9) £ (Vft(ﬁt), 0 — 9t> ) ”9 HtHVQEt(Ht Ct—l—l — Ht 77H Vét(et)

- Orp1 = argmin||0 — (e[| 5 -
Ht = )\Id + zizll v2€3 (95—|—1) 0€O Ht“ Ht Ht + nV2€t(9t)

Technique: self-concordance property, second-order approximation, lookahead regularizer, etc.

Lemma 1 (Estimation Error). Let the reqularization parameter A = 2 max{7dnR? max{3nRS,1}C,/g(7)}
and the stepsize n = 1 + RS. Then, with probability at least 1 — 6, Vt > 1, we have ||0, — 04|/, < B:(9)

with
Be(0) = 4/4A5? + 2nn ! + 6dn?1n ( 2 + 20, = O SRy/d | S?R + lnE .
J Ag(T) J

Peng Zhao (Nanjing University) 18




(D) Generalized Linear Bandits

GLM-UCB

. D) :
MLE 6;+1 = argmin=||0||5 + 258(9)

AN . ~ 1 s
OMD 6:11 =argmin/.(0) + —||0 — etH%{t
pco 2 2n

|
|
|
|
: 0cO
|
|
|
|
|
|

s=1

Comp. cost per round O(t) Comp. cost per round O(1)

Estimation error O (k+/dlogt) Estimation error O (v/dlogt)

Theorem 2. With probability at least 1 — ¢, the regret of GLB-OMD with parameter n = 1+ RS
and X\ = 2max{7dnR* max{3nRS,1}C,,/g(T)} ensures

T logT

*

REGr < dSR+\/S2R + log T + kd?S%R3log T(S?’R + log T),

Peng Zhao (Nanjing University) 19



(D) Generalized Linear Bandits

* Our work improves upon previous works with a novel mixability-based analysis
* Statistical efficiency: maintain the optimal and instant-dependent regret bound

* Computational efficiency: reduce the per round time and storage cost

Method Regret Time per Round Memory Jointly Efficient
GLM-UCB [Filippi et al., 2010] O(k(log T)2V/T) O(t) O(t) X
GLOC [Jun et al., 2017] O(klog TVT) O(1) O(1) X
OFUGLB [Lee et al., 2024, Liu et al., 2024] O(log T+/T/k.) O(t) O(t) X
RS-GLinCB [Sawarni et al., 2024] O(ogT\/T/k.)  O((logt)?)’ O(t) X
GLB-OMD (Theorem 2 of this paper) O(log T+/T/k+) O(1) O(1) v

The first one-pass GLB algorithm with (almost) optimal regret guarantee!

E [Zhang-Xu-Z-Sugiyama, arXiv’'25] Generalized Linear Bandits: Almost Optimal Regret with One-Pass Update.

Peng Zhao (Nanjing University) 20



(@ Heavy-Tailed Bandits

* OMD-based estimator: curvature-aware local norm design

B, 1 = arg min { < 0.V €t<(/9\t)> + Dy, (0, 0, )} (iomputational Efficiency
(S l Ory1 =0y — Vt_lvgt(‘gt)
$e(6) = L[|0]2, with V; £ AT + Lyt XeX] brs = argmin [0~ 61

Technique: adaptively adjust the threshold/renormalized factor in Huber loss, exploit curvature of in/out-liers

3 o A
Lemma 1 (Estimation error). If o;, 7, 79 are set as where w; = L )
-

\/a
then with probability at least 1 — 46,Vt > 1, we have ||0y41 — 04|y, < B; with

Xt
Ot

and let the step size o = 4,

2T2 1—e
B, £ 107 log —— 7ot + V(2 +452?)

Peng Zhao (Nanjing University) 21



(@ Heavy-Tailed Bandits

HEAVY-OFUL

_ D) ‘
MLE 6:11 = argmin=||0||3 + 268(9)

& min OMD 141 = argmin { (9, V£,(8))
€

SIS

~_—
+
.
5
—~
R
N
~—
——

s=1

Comp. cost per round O(?) Comp. cost per round O(1)

~ 1—e . . ~ 1—e
Estimation error ® (t2<1+6> > Estimation error © (t 2(1Fe) )

Theorem 4. By setting o, T, 7o, «asin Lemma 1, and let A = d, oin = %,
=, with probability at least 1 — 1/T, the regret of Hvt-UCB is bounded by When v; = v, this can

8T’
p. recover to optimal regret
REGr < O (dT2<11+€s> Z v+ dT2<11+€a>) , bound REG < O (dTm>

\‘ t=1

Peng Zhao (Nanjing University) 22



(@ Heavy-Tailed Bandits

* Our work maintains the regret with only 0(1) computational cost.

Method Algorithm Regret Comp. cost Remark
MENU [Shao et al., 2018] - 1 O(logT) fixed arm set and
MOM O (dT1+e) .
CRMM [Xue et al., 2023] O(1) repeated pulling
TOFU [Shao et al., 2018] - 1 O(t) absolute moment
Truncation @) (dT 1+€) e
CRTM [Xue et al., 2023] O(1) E[|r¢] | Feg] € @
~ 1—¢ i—e
Huber HEAVY-OFUL [Huang et al., 2024] | O | dT20+2) \/23;1 P4 dT2(1+6>> O(tlogT) instance-dependent bound
Huber Hvt-UCB (Corollary 1) O (dTlie) (1) Ef|n: |1+ | Fooa] < v1+e
~ 1—¢ 1—e
Huber Hvt-UCB (Theorem 1) @ (dT2(1+€) \/Zzzl vi+ dT2(1+€>) O(1) instance-dependent bound

The first one-pass algorithm for heavy-tailed linear bandits with (almost) optimal regret!

B [Wang-Zhang-Z-Zhou, ICML'25] Heavy-Tailed Linear Bandits: Huber Regression with One-Pass Update.

Peng Zhao (Nanjing University)
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Reinforcement Learning

* (Two of) key techniques in this wave of RL success:

(i) RL with function approximation (ii) RL from human feedback
Popp @ |S) Vo s) Reinforcement Learning from Human Feedback (RLHF)
=

Learning Agent

c Reward Predictor

~ Human
Feedback

(2]

Environment

Peng Zhao (Nanjing University) 25



RL Challenges: Efficiency

RL with function approximation

RL from human feedback

29 million of game
40 days of training

200 years of play
44 days of training

ChatGPT & deepseek

13T data 14.8T data
$63M cost of training $6M cost of training

Goal: statistically and computationally efficient algorithm with provable guarantee.

@ Li, Z, Zhou. Provably Efficient Reinforcement Learning with Multinomial Logit Function Approximation. NeurlPS 2024.
E Li, Qian, Z, Zhou. Provably Efficient RLHF Pipeline with One-Pass Reward Modelling. Arxiv, 2502.07193.

Peng Zhao (Nanjing University)
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Applicationl: Linear Mixture MDPs

e Linear Mixture MDPs

* ¢:S x A R is known feature map

rn(z,a) = (P(z,a),0}) * 1):S x AxS — R?is known feature map

Py (s | s,a) = (¥ (s'| s,a),wp) e {05} is the unknown reward parameter

o {wiH!  isthe unknown transition parameter

* [Linear Bandits

(1) the player first chooses an arm X, from arm set X’;

(2) and then environment reveals a reward r; € R.

* Linear modeling assumption: r(z) = 2 ' 0, + n;

Peng Zhao (Nanjing University)

Linear bandits serve as
a foundational tool for
understanding linear

mixture MDPs
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Applicationl: Linear Mixture MDPs

 Least square for parameter estimation

Reward estimation

OcRd
S =1

Transition estimation

k—1
~ , A 2
0), = arg min {;9% + g (rn(shsan) — d(sn,an) ' 0) }

k—1
. . Aw
W), = arg min {ng + ; (Wni1(sn,an), w) — Vh+1(5h+1))2}

—F.

(00
ey

St

agent environment
F(st, ar)

H
S (s an) | s — ]
h!=h

Vi (s)
Estimation error Regret bound
W — walls, <O (VH(log(t/5)?) | | Regrety < O (aVHK)

K: the number of epsiodes

H: the length of each epsiode

Peng Zhao (Nanjing University)
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Application2: MNL Mixture MDPs

* Multinomial Logistic (MNL) Mixture MDP

* ¢(s'|s,a) is the known feature mapping

-
exp (¢ (s" | s,a) 0
Py(s" | s,a) = ( oxp (03 | 5 ;))T ) o {0} isthe unknown transition parameter
gESh,S’a ) h

* Shsa={s €S| Py(s|s,a) # 0} is reachable states

* Multinomial Logistic Bandit

possible feedback
* “buy it now”

* “add to chart”
* “do nothing”

The feedback y; from environments is

(0 (“feedback Y = 0”) generated by the multinomial logit model:

p1| (“feedback y, = 17 ):>

B B exp(x/ wy)
Pr[yt =k | Xt] — 1_}_2]}.{:1 exp(ﬁjw;)

\ pK(“feedbaCk Yy = Kn) where w; € R? is the parameter for y, = k

Peng Zhao (Nanjing University)




Application2: MNL Mixture MDPs

* OMD for one-pass estimation

~ ) ~ ~ ~ 9
ekz—i—l,h = ar@gergm {<V€k¢,h(9k‘,h)7 0 — 9k:,h> + %H@ — Hk’hHﬁk,h}’

where ﬁk n =nHyg, h(gk n) + Zf:ll H; h(é;ﬂ, 1) incoporates additional second-order quantity.

Reference Model Upper Bound Lower Bound
Zhou et al. [2021] Linear mixture MDP (5((1H:3/2\/F) Q((IHB/Q\/F)
— in the worst case,
Hwang and Oh [2023]  MNL mixture MDP O(r~'dH*VK) — P Q(SZ)
[ Our work MNL mixture MDP  O(dH?VEK + ktd?H?) Q(dHVK) ]

Match the results for linear mixture MDPs except for the dependence on H.

B [Li-Zhang-Z-Zhou, NeurIPS'24] Provably Efficient Reinforcement Learning with Multinomial Logit Function Approximation.

Peng Zhao (Nanjing University) 30



Application3: RLHF

* Reinforcement Learning from Human Feedback

SFT model Query
Prompt x | > (a,a") ~ mere(a | o) > Which one is better?

Bradley-Terry (BT) Model

exp ((b(:c, a)TQ*)
exp (¢(x,a)T0*) + exp (¢p(x,a’) T 6*) * 0" is the unknown parameter

* ¢(x,a) is the known feature mapping

P(a>a |x)=

 Contextual dueling bandits

Ateachroundt=1,2,---
Ploo=1)=p((—y) 6.) ﬁ
(1) the learner first chooses two arms x;,y; € X C RY; 1 /
: =) =
(2) and then environment reveals a preference feedback o;. 2 1+ exp(—=2)

Peng Zhao (Nanjing University) 31



Application3: RLHF

* OMD for one-pass estimation

Define gradient and Hessian:  ¢:(0) = (o (z,;r 0) —yi) 2, Hiy(0)=0¢ (th 0) 22,

Or 41 = afgmiﬂ{<gt(5t)a9> + 90|10 — @H; } where H, = 3171 Hi(0i41) + nHy(0:) + M.
0cO ¢

Constant time and storage complexity, look-ahead second-order
Independent of t local norm approximation

Estimation error Regret bound

~ T
10 — 6 ]|3, < O(Vd(log(t/s))?) Regr < O d\/g

00 400 500 600 700 800 0 100 200 300 400 500
Iterations Iterations

(a) training loss (b) evaluation accuracy

B [Li*-Qian*-Z-Zhou, Arxiv’'25, 2502.07193] Provably Efficient Online RLHF with One-Pass Reward Modeling.

Peng Zhao (Nanjing University) 32
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Summary

1 One-Pass Bandits

* Beyond linear bandits: For non-quadratic loss, MLE doesn’t enjoy the one-pass property
* Generalized linear bandits: exploit the self-concordance property of the link function

* Heavy-tailed linear bandits: adaptively set Huber threshold to adjust curvatures such that

outliers fall in the linear region, while normal data remain in the quadratic region
J OMD Estimator

* Online Mirror Descent as a statistical estimator, where the curvature-aware local norm design is

crucial for the estimation error guarantee; similar to “from OGD to AdaGrad”
J Applications
* RL with function approximation: Linear mixture MDPs, MNL mixture MDPs (related to GLB)

« RLHF: BT model naturally related to logistic bandits, etc. Thanks!

Peng Zhao (Nanjing University) 34



Joint work with

Jing Wang Yu-Jie Zhang Sheng-An Xu Masashi Sugiyama Zhi-Hua Zhou
(NJU) (NJU - U Tokyo - UW) (NJU - UCB) (U Tokyo) (NJU)

E Jing Wang, Yu-Jie Zhang, Peng Zhao, and Zhi-Hua Zhou. Heavy-Tailed Linear Bandits:
Huber Regression with One-Pass Update. ICML 2025.

2 yuJie Zhang, Sheng-An Xu, Peng Zhao, Masashi Sugiyama. Generalized Linear Bandits:
Almost Optimal Regret with One-Pass Update. Arxiv, 2507.11847, 2025 Thanks!
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